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1 Counting

1.1 Combinations

Consider a set S with n elements. How many k element subsets does S contain?
We denote this value as (

n

k

)
which is read ”n choose k”.
We consider another question. Given a set S with n elements, how many se-
quences of length k are there, such that each term in the sequence is a unique
element of S? Well, we can choose any of the n elements of S for the first term
of the sequence s1, any element of S other than s1 for the second term of our
sequence s2, any element of S other than s1 or s2 for our third term, and so on.
Thus the answer is

n(n− 1)(n− 2) · · · (n− k + 1) =
n!

(n− k)!

On the other hand, we could initially chose the k elements from S to be in our
sequence and then order them after. But their is

(
n
k

)
ways to pick k elements

from S and k! ways to order them. Thus,

n!

(n− k)!
=

(
n

k

)
k!

or

Theorem 1.1 (
n

k

)
=

n!

k!(n− k)!

Corollary 1.1 (
n

k

)
=

(
n

n− k

)
Intuitively this is just saying that instead of choosing which elements are going
to be in your subset, you could choose which elements are not going to be in
your subset.

Next we prove a well known combinatorial identity
Theorem 1.1.2 (Vandermonde’s Identity)

k∑
i=0

(
m

i

)(
n

k − i

)
=

(
m+ n

k

)
proof : Consider a set S with n + m elements, we can arbitrarily partition S
into a set S1 with m elements and a set S2 with n elements. The summands
correspond to the cases where we choose i elements from S1 and k− i elements
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from S2.

Corollary 1..1.2 (Pascal’s Identity)(
n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
proof : Just let m = 1 in Vandermonde’s Identity (Note that if n < k,(

n

k

)
= 0

for obvious reasons but (
n

0

)
= 1

because you can choose the empty set).

1.2 The Binomial Theorem

Consider the expression
(x+ y)n

How do we multiply this out? Consider for each of the n (x+y) terms a selection
of either x or y. To multiply out (x+ y)n we do every aforementioned selection
possible, each time generating a term which is the product of each x or y chosen.
Then we just sum up all of these terms. But it is possible to further simplify.
Consider a case where we chose exactly i x’s, then we chose exactly n− i y’s so
the term is xiyn−i. But there were

(
n
i

)
cases where we chose exactly i x’s. So

Theorem 1.2 (The Binomial Theorem)

(x+ y)n =

n∑
i=0

(
n

i

)
xiyn−i

1.3 Balls and Buckets

Given k indistinguishable balls and n labeled buckets, in how many ways is it
possible to distribute the balls amongst the buckets?

Theorem 1.3.1
The answer is (

n+ k − 1

k

)
proof : We create a bijection between k element subsets of
{1, 2, · · · , n+ k− 1} and ways to distribute k indistinguishable balls amongst n
buckets labeled one through n using the following algorithm.
Suppose we are given a k element set S ⊂ {1, 2, · · · , n + k − 1} and n empty
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buckets

1. For 1 ≤ i ≤ n if i ∈ S put a ball in bucket i.

2. Go to the first bucket with a ball in it.

3. Set j = n+ 1.

4. If j ∈ S put a ball in the bucket you are standing in front of. Other-
wise walk to the next bucket with a ball in it. If j = n+ k − 1 stop, otherwise
increase j by 1 and repeat 4.

It is up to the reader to check this is well defined and a bijection.

For example if the

3 2 0 1

Box 1 Box 2 Box 3 Box 4

x x o x x x o x o

Box 1

Box 2

Skip Skip

The following problem was my first encounter with Balls and Buckets.

Problem 1.1 (USAMO 2014 problem 4)

Steve is piling m ≥ 1 indistinguishable stones on the squares of an n × n grid.
Each square can have an arbitrarily high pile of stones. After he finished piling
his stones in some manner, he can then perform stone moves, defined as follows.
Consider any four grid squares, which are corners of a rectangle, i.e. in positions
(i, k), (i, l), (j, k), (j, l) for some 1 ≤ i, j, k, l ≤ n, such that i < j and k < l. A
stone move consists of either removing one stone from each of (i, k) and (j, l)
and moving them to (i, l) and (j, k) respectively, or removing one stone from
each of (i, l) and (j, k) and moving them to (i, k) and (j, l) respectively.

Two ways of piling the stones are equivalent if they can be obtained from
one another by a sequence of stone moves.

How many different non-equivalent ways can Steve pile the stones on the
grid?

Solution:
We first show that using the moves we can get to a configuration where for
arbitrary stones s and t, if stone s is in position (i, k) and stone t is in position
(j, l) and i ≥ j then k ≥ l. If this is the case call the configuration good.
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To do this start by setting i = 1. For every rock r in a column to the right of
column i define the score of r to be the number of rocks in column i which are
in a row below the row that rock r is in. Then define the total score to be the
sum of scores of rocks in columns to the right of column i. Now if the total score
is greater than zero, there is some rock in a column to the right of i for which
it is in a row above some rock r in column i. If this is the case then switch
the columns of that rock and r. Clearly this decreases the score so we can keep
doing this until the score is 0. At this point if i = n the configuration is good
and we are done, otherwise increase i by one and repeat.
Next we show that if it is specified how many rocks are in each column and
each row, this corresponds to a unique good configuration. We use induction
on the number of rocks. The base case is obvious. Next, if the smallest column
number specified to contain a rock is i and the smallest row number specified to
contain a rock is j, there must be a rock placed on (i, j). Now the remaining n
rocks that need to be placed must be in a good configuration but by inductive
hypothesis there is a unique way to do so.
Finally, we note that the number of rocks in any column or row does not change
with a move. Thus two configurations are equivalent iff there are the same
number of rocks in every column and every row. So, by Balls and Buckets, the
number of non-equivalent ways can Steve pile the stones on the grid is just(

n+m− 1

m

)2

Remark. There is a somewhat simpler proof of the above statement where you
just directly prove that two configurations are equivalent iff they have the same
rows and columns. My proof is meant to highlight a strategy where if you are
given some equivalence relation and you are not really sure what it means, you
can try to find a standard representative of each equivalence class which can
make the equivalence classes become easier to analyze.

Balls and Buckets is incredibly useful. It is probably the theorem that is most
helpful in proving combinatorial identities and in evaluating problems that ask
you count things.
For example,
Theorem 1.3.2(Hockey Stick Identity)(

m+ n+ 1

m+ 1

)
=

n∑
i=0

(
i+m

m

)
proof : Rewrite the equation as(

n+ (m+ 2)− 1

n

)
=

n∑
i=0

(
i+ (m+ 1)− 1

i

)
We interpret the left side as counting the number of ways to put an unlabeled
balls into m + 2 labeled buckets. Then, the summands on the right hand side
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correspond to the cases where we put n− i balls in the first bucket.

There are lots of variations on Balls and Buckets, each unique. For example,
suppose that the buckets are not labeled. So how many ways can we distribute
k unlabeled balls amongst n unlabeled buckets? This is simply the number of
ways to write k as the sum of n or less positive integers (which is the same as
the number of ways to write k as the sum of integers each less than or equal to
n) which we have no explicit formula for.

Or what if we do label the buckets but require that the sum of the number
of balls in the first i buckets be at least i ∀1 ≤ i ≤ k.

Theorem 1.3.2 If we define Cn to be the number of ways to distribute n
balls in n buckets s.t. the sum of the number of balls in the first i buckets is at
least i ∀1 ≤ i ≤ n, then

Cn+1 =

n−1∑
i=0

CiCn−i−1

proof : First we show that given an arbitrary non-associative binary operation
∗ on a set S, the number of ways to multiply together a string of n+ 1 distinct
elements of S is Bn if no specified order is given.
To do this, we observe that the set of left parenthesis uniquely determines the
right parenthesis which can be done using the following algorithm:
Take the furthest to the right left parenthesis, multiply the two elements to the
right of it together creating one term and then remove the parentheses. Repeat
this until there are no parenthesis and only one term.
For example, if there are 4 elements a, b, c, d then

(a((bcd

can be completed uniquely as

(a ∗ ((b ∗ c) ∗ d))

and
((ab(cd

can be uniquely completed as

((a ∗ b) ∗ (c ∗ d))

But we also have the the number of left parenthesis to the right of the first
n − 1 terms is at most one, the number of left parenthesis to right of the first
n − 2 terms is at most 2, and so on. And because each set of left parenthesis
satisfying the former condition gives a unique way to multiply out the elements
we have completed the claim.
But the number of ways to multiply out these elements satisfies our recursive
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formula. Observe that the final step in multiplying out elements of S is to mul-
tiply a string of the first k terms already multiplied with the last n+1−k terms
already multiplied where 1 ≤ k ≤ n and the summands in the recursive formula
just correspond to the different values of k.

We can even give an explicit formula for this.

Theorem

Cn =

(
2n

n

)
−
(

2n

n+ 1

)
=

1

n+ 1

(
2n

n

)
proof. We use a similar idea with parenthesis but this time we just consider
strings of 2n parenthesis. Then, like we saw above, strings that have every left
parenthesis matched to a unique right parenthesis, which we will call ”good”,
correspond to Cn. Notice that a string is good iff there are exactly n left
parenthesis and for every i there are at least as many left parenthesis as right
parenthesis in the first i terms. So,we just need to show there are exactly

(
2n
n+1

)
strings of length 2n with exactly n right parenthesis and there is some i s.t.
there are more right parenthesis than left parenthesis in the first i terms. To do
this we create a bijection using the following process.

Consider 2n squares in a row and suppose we color n+ 1 of these black and the
rest white. Now, consider the first black square s with the property that there
are as many black squares to the left of s as there are white squares to the left
of s Draw a right parenthesis in s, every black square to the left of s and every
white square to the right of s. Finally, we put a right parenthesis in the rest of
the squares and we have a bad sequence.

;

( ) ( ) ) ) ( (
;

It turns out LOTS of things can be counted by the Catalan Numbers. I am con-
stantly finding new ones. There are too many to list here but here is another
fun one.

Definition A partition of a set S = {1, 2, · · · , n} into A1, A2, · · · , Ak is non-
crossing if a < b < c < d, a, b ∈ Ai and b, d ∈ Aj then i = j. This can be
visually represented by partitioning a regular n-gon G into disjoint polygons
with vertices that are subsets of the vertices of G. For example the partition of
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{1, 2, · · · , 6} into {1, 3, 4}, {2}, {5, 6} can be represented as

1

2

3

4

5

6

Now we can give a bijection between non-crossing partitions and good strings
of parentheses of length 2n. Start with index i = 1. If i is in a partition
containing a number less than i add ) to the string of parenthesis, otherwise
add (. Then if i is in a partition containing a number greater than i add ) to the
string of parenthesis, otherwise add (.Increase i by one and repeat until i = n.
For example, the partition above would correspond to the string

((())())(())

We can also give an explicit closed form formula for the above above question
if the balls are labeled. We will prove this later using Graph Theory.

1.4 Permutations

Definition 1.4.1 Permutation
A permutation on n elements is a bijection σ from the set {1, 2, · · · , n} to itself.
We write out a permutation as two rows of numbers where if i is directly above
j, then σ(i) = j. For example the permutation on three elements σ(1) = 1,
σ(2) = 3 and σ(3) = 2 would be written as(

1 2 3
1 3 2

)

Notice that if σ and τ are permutations on n elements, σ ◦ τ is also permutation
on n elements, as is σ−1.

We denote the set of all permutation on n elements as sym(n).
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Problem 1.2 (2015 Putnam B5)
Let Pn be the number of permutations π of {1, 2, . . . , n} such that

|i− j| = 1 implies |π(i)− π(j)| ≤ 2

for all i, j in {1, 2, . . . , n}. Show that for n ≥ 2, the quantity

Pn+5 − Pn+4 − Pn+3 + Pn

does not depend on n, and find its value.

Solution:
Lemma 1: If π(i) = k, ∃j1, j2 > i, π(j1) < k, π(j2) > k + 1, then

π(i+ 1) 6= k + 1

Similarly, if π(i) = k, ∃j1, j2 > i, π(j1) > k, π(j2) < k − 1, then

π(i+ 1) 6= k − 1

proof : We just prove the first part, the second is basically the same. If π(i+1) =
i + 1 and π(i + 2) > i + 1, consider the smallest ` > i s.t. π(`) < i. Then
π(`− 1) ∈ {i, i+ 1} but this contradicts the assumption that π is injective. The
same basic argument works if π(i+ 2) < i.

Lemma 2:

Sn = 2Qn + 2

n−2∑
i=1

Qi

where Qi is the number of permutations π on i elements satisfying the condi-
tions in the problem statement with π(1) = 1.

proof : If 3 ≤ π(1) ≤ n − 2 then by lemma 1, π(2) ∈ {π(1) − 2, π(1) + 2}.
If π(2) = π(1) + 2, then by Lemma 1, if k satisfies ∀j ≤ k, π(j) ≤ n − 2, then
π(k+1) = π(k)+2. Since n is finite we eventually reach a k s.t. π(k) ∈ {n−1, n}.
If π(k) = n−1 then π(k+1) = n. In either case for the next k numbers, there is
only 1 possible number π can map to because all other numbers within a distance
of 2 have already been mapped to. Hence, we get to a j with π(j) = π(1)−1 and
∀` > j, π−1(`) < π(j) and ∀i < j, π−1(i) > π(j). Thus, this case contributes to
Qn−π(1)−1 because there is the same number of permutations π on n elements
with π(1) = 1 as there are permutations π on n elements with π(1) = n. By the
same argument the case where π(2) = π(1)− 2 contributes to Qπ(1)−1 cases.
If π(1) = 2 and π(2) = 1 then π(3) = 3 and this contributes to Qn−2 cases. If
π(2) > 2, then by the argument above this contributes to Q1 cases. The cases
are dual for π(1) = n − 1. Then of course if π(1) is either 1 or n, we get Qn
cases. Putting this together proves the lemma.
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Lemma 3: for n ≥ 4,
Qn = Qn−1 +Qn−3 + 1

proof :Consider 3 cases.
1. π(2) = 2. This then there are Qn−1 possible cases for π.
2. π(2) = 3 and π(3) = 2. Then, π(4) = 4 which contributes to Qn−3 cases for
π.
3. π(2) = 3 and π(3) > π(2). Then by the reasoning we have been using,
everything else is determined so this only contributes to 1 case.
Putting these cases together yields our lemma.

Finally,
Pn+5 − Pn+4 − Pn+3 + Pn

= 2(Qn+5 −Qn+4 −Qn+1 −Qn−1)

= 2 + 2(Qn+2 −Qn+1 −Qn−1)

= 4

654321

But if we tried having π(4) = 3

654321

uh-oh

If π(3) < 3

654321

never getting to 5

But if π(3) > 4

11



654321

Stuck!!

1.4.1 Cycles

Definition 1.4.2 Given a permutation σ on n elements we say that a sequence
a1, a2, · · · , ak is a k-cycle if ∀ 1 ≤ i ≤ k − 1, σ(ai) = ai+1, σ(ak) = a1 and ∀
1 ≤ i < j ≤ k, ai 6= aj .
It is often useful to think about permutations in terms of cycles. Permutations
are written quite often in cycle decomposition. To write a permutation in cycle
decomposition you just write all the cycles enclosed by parenthesis. For exam-

ple the cycle decomposition of σ =

(
1 2 3 4 5
2 3 1 5 4

)
would be (123)(12). If

σ(i) = i we omit it when writing the cycle decomposition. so

(
1 2 3 4 5
2 1 3 5 4

)
is just (12)(45).

Problem 1.3 (The Futurama Problem)

Suppose there is a machine such that when two people get in it, their brains get
swapped. n people have used this machine amongst themselves and they want
to get everybody’s brain back in their own body. The problem is that any two
bodies can only go into the machine together once. Show that by enlisting the
help of two people that have never used the machine before, everyone can get
their brain back in their own body.

Solution. Number the original bodies one through n and call the two peo-
ple who have never used the machine before h1 and h2. This corresponds to a
permutation so we can write it as the composition of disjoint cycles where for
any cycle (a1, a2, · · · , ak), person ai’s brain is in body ai−1 for 1 < i ≤ k and
person a1’s brain is in body ak.
If k = 2 then have a1 switch with h1, a2 switch with h2, a1 switch with h2 and
finally h1 switch with a2.
If k > 2 then do the following process.

1. Set i = 1.

2. Have h1 swap with ai. Increase i by 1. If i = h − 1 go on to the next
step, otherwise repeat 2.

3. Have h2 swap with ai. Have h1 swap with ai. Have h2 swap with ak
and finally have h2 swap with a1.

12



Go through all of the cycles repeating this process. At the end all the orig-
inal people will have their brains back in their own body. h1 and h2 may have
their brains swapped but they have never used the machine together so they
can just switch back.

σ = (1, 3, 4, 5)(2, 7)

is
(4, 2, 1, 1)

Theorem 1.4.1 If σ, τ ∈ sym(n) and σ has cycle type c, then τστ−1 has cycle
type c.

proof : If i is in a k-cycle in σ the (τστ−1)k = τστ−1τστ−1 · · · τστ−1 = τσkτ−1.
So τ−1(i) is in a k-cycle in τστ−1.

Theorem 1.4.2 Suppose a cycle type c has ai i-cycles ∀i, then the number
of permutations of cycle type c is

n!∏n
k=1 k

ak(ak)!

proof : If c = (b1, b2, · · · , bk) then there are
(
n
b1

)
ways to pick the elements for

the first cycle,
(
n−b1
b2

)
ways to pick elements from the second set and so on

multiplying this gives
n!∏k
i=1 bi!

But there are j − 1 ways to order the elements in a j-cycle. So after factoring
in this we are left with

n!∏k
i=1 bi

.

But we actually overcounted because if bi = bj then for two disjoint bi-cycles
S1, S2, we counted S1 corresponding to bi, S2 corresponding to bj and S2 cor-
responding to bi, S1 corresponding to bj as separate cases but these give rise to
the same permutations. Therefore if there are j k-cycles we need to divide by
j!. This establishes the theorem.

1.4.2 Transpositions

Definition 1.4.2: Transposition A transposition is a permutation σ s.t.
∃i ≤ n− 1, σ(i) = i+ 1, σ(i+ 1) = i and ∀j ≤ n, j /∈ {i, i+ 1} =⇒ σ(j) = j.
Every permutation can be written as the composition of a finite number of
transpositions.

13



We say a permutation is odd if it can be written as the composition of an odd
number of transpositions and we say a permutation is even if it can be written
as the composition of an even number of transpositions.

Theorem 1.4 A permutation is not both even and odd.
proof : For a set of n intermediates x1, x2, · · · , xn, let

S = {
∏
i<j

(xσ(j) − xσ(i)) : σ ∈ sym(n)}

and have sym(n) act on S in the following way. For τ ∈ sym(n),

τ ∗
∏
i<j

(xσ(j) − xσ(i)) =
∏
i<j

(xτ(σ(j)) − xτ(σ(i)))

Clearly this action is well-defined.
If τ = (i, j), i < j, is a transposition, then for i < k < j,

(xτ(σ(j)) − xτ(σ(k))) = −(xσ(k) − xσ(i))

and
(xτ(σ(k)) − xτ(σ(i))) = −(xσ(j) − xσ(k))

Because these are symmetric, the negatives cancel out when we take the product.
If k < i then

xτ(σ(i)) − xτ(σ(k)) = xσ(j) − xσ(k)
and

xτ(σ(j)) − xτ(σ(k)) = xσ(i) − xσ(k)
Similarly if k > j,

xτ(σ(k)) − xτ(σ(j)) = x(σ(k)) − x(σ(i))

and
xτ(σ(k)) − xτ(σ(i)) = x(σ(k)) − x(σ(j))

Again these are all symmetric so taking the product gives no change
Finally

xτ(σ(j)) − xτ(σ(i)) = −(xσ(j) − x(σ(i))

So,

τ ∗
∏
i<j

(xσ(j) − xσ(i)) = −
∏
i<j

(xσ(j) − xσ(i))

Because, (σ ◦τ)∗f = σ ∗ (τ ∗f) for σ, τ ∈ sym(n), f ∈ S, we have σ ∗f = −f
if σ is odd and σ ∗ f = f if σ is even.
So if a permutation σ could be written as both an even and odd number of
transpositions we could have for any f ∈ S,

−f = σ ∗ f = f
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For a permutation σ, we define

sign(σ) =

{
1 if σ is even

−1 if σ is odd

Notice that for σ, τ ∈ sym(n),

sign(σ ◦ τ) = sign(σ)sign(τ)

(Problem) (USA TST 2016) Let S = {1, . . . , n}. Given a bijection f : S → S
an orbit of f is a set of the form {x, f(x), f(f(x)), . . . } for some x ∈ S. We
denote by c(f) the number of distinct orbits of f . For example, if n = 3 and
f(1) = 2, f(2) = 1, f(3) = 3, the two orbits are {1, 2} and {3}, hence c(f) = 2.

Solution: It suffices to prove that for two permutations on n elements σ and τ

c(σ) + c(τ) ≤ n+ c(σ ◦ τ)

To do this we induct on the value n−c(σ). The only permutation with c(σ) = n
is the identity function which clearly satisfies the equation. Now, suppose that
the cycle decomposition of σ is (a1,1, a1,2, · · · , a1,`1)(a2,1, · · · , a2,`2), · · · , (am,1, · · · , am,`m).
This can be written as (a1,1, a1,2)(a1,2, · · · , a1,`1)(a2,1, · · · , a2,`2), · · · , (am,1, · · · , am,`m)
and

c((a1,2, · · · , a1,`1)(a2,1, · · · , a2,`2), · · · , (am,1, · · · , am,`m))

= c((a1,1, a1,2, · · · , a1,`1)(a2,1, · · · , a2,`2), · · · , (am,1, · · · , am,`m))− 1

Therefore we just have to show that composing (a1,2, · · · , a1,`1)(a2,1, · · · , a2,`2), · · · , (am,1, · · · , am,`m)◦
τ with (a1,1, a1,2) decreases c(f ◦ τ) by at most one. To see that it does note
that any orbit not containing a1,1 or a2,1 does not change. So it can only affect
the orbits containing those two which at worse combine into one orbit

Problem 1.4

Show that exp(log(x + 1)) = x + 1 by multiplying out power series. (Recall
that

exp(x) =

∞∑
i=0

xi

i!
, log(x+ 1) =

∞∑
i=1

(−1)i+1x
i

i

Solution: The coefficient on x is clearly 1 and the only constant term is a 1.
Thus we only need to show that the coefficient on xi is zeros for i > 1. For an
arbitrary i > 1 and j > 0, consider i! times the coefficient on xi from the term

(
∑∞
i=1(−1)i+1 xi

i )j

j!

Each term in this corresponds to a way to write i as the sum of j numbers which
corresponds to a unique cycle-type of length j. And for a term corresponding
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to cycle type c = (b1, b2, · · · , bj), the absolute value, after multiplying by i!, is

j∏
k=0

1

bk

But if ∀k there are ak k-cycles for some cycle type c then there are

i!∏j
k=0 ak!

terms corresponding to cycle type c. So putting this together, if we let Lc be
the number of permutations of cycle type c the coefficient on n!xn, for n > 1, is∑

c

(−1)somethingLc

Now we just have to determine what the something is.

Claim: If two permutations have the same cycle type, they have the same sign
and the coefficient on n!xn, for n > 1 is∑

c

sign(c)Lc

To see this note that if σ = (a1, a2, · · · , ak) is a k-cycle,

σ = (ak, ak−1)(ak−1, ak−2) · · · (a2, a1)

So
sign(σ) = (−1)k−1 = (−1)k+1

And for a cycle type c = (b1, b2, · · · , bj), terms corresponding to c are in the
form

k∏
i=1

(−1)bi+1xbi

bi

And this completes the claim.
Now we just show there are the same number of even permutation on n el-
ements as their are odd permutations on n elements. To see this note that
f1 : {even permutations on n elements} → {odd permutations on n elements}
defined by

f1(σ) = (1, 2)σ

is injective and f2 : {odd permutations on n elements} → {even permutations on n elements}
defined by

f2(σ) = (1, 2)σ

is also injective.
This completes our proof.
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1.4.3 Stirling Numbers

Consider the polynomial

p(x) = x(x− 1)(x− 2) · · · (x− n+ 1) =
x!

n!

We call this the falling factorial and denote it (x)n.We can expand the polyno-
mial out so that

(x)n =

n∑
i=1

s(n, k)xk

We call the coefficients s(n, k) Stirling numbers of the first kind.

textbfTheorem |s(n, k)| is the number of permutations on n elements with ex-
actly k disjoint cycles.

proof : We can choose a permutation on n elements with exactly k disjoint
cycles by Starting with 1, if 1 is in a cycle of length greater than 1,we have n−1
choices for what 1 can map to, n−2 choices of what that can map to and so on.
But, exactly k − 1 times in this process we must choose to end a cycle. From,
there we can just take the smallest number not already in a cycle to start a new
cycle. But, if this happened at step j in the process, there was no choice, so we
don’t multiply by n − j. Therefore, the number of such permutations can be
described by multiplying out n! and then summing over all the ways to divide
by the product of exactly k − 1 numbers less than n. But this is exactly the
absolute value of s(n, k)

We denote |s(n, k)| as [
n
k

]
= |s(n, k)|

Theorem 1.4.2. [
n
k

]
=

[
n− 1
k − 1

]
+ (n− 1)

[
n− 1
k

]
proof. For an permutation σ on n elements, consider the two cases,

1. σ(n) = n this corresponds to

[
n− 1
k − 1

]
cases.

2. σ(n) 6= n, then we can construct a new permutation on n − 1 elements
with k cycles.

τ(x) =

{
σ if σ(x) 6= n

σ(n) if σ(x) = n

Note that any τ in this form could have been constructed from n-1 σ’s satisfying
2.

17



Definition Stirling Numbers of the second kind denoted S(n, k) count the num-
ber of ways to to partition the set {1, 2, · · · , n} into exactly k parts.

Theorem
S(n, k) = S(n− 1, k − 1) + kS(n− 1, k)

proof : If 1 is in its own partition, there are S(n−1, k−1) ways to partition the
rest of the elements. If 1 is not in its own partition, then there are S(n− 1, k)
ways to partition the rest of the elements and 1 could go into any of the k
partitions.

Stirling Numbers of the first and second kind are related in the following theorem

Theorem

1.4.4 Dearagments

Definition 1.4.3 A derangement is a permutation σ : {1, 2, . . . , n} → {1, 2, . . . , n}
with no fixed points i.e. ∀i ≤ n, σ(i) 6= i.
We denote the set of Derangements on n elements as Dn.

Theorem 1.4.3.1 We can write the number of permutations as sums of de-
rangements as

n! =

n∑
i=0

(
n

i

)
|Di|

proof. The summands just correspond to fixing exactly n− i points.

Theorem 1.4.3.2 ∀n ≥ 3, the number of derangements on n elements sat-
isfies the recursive relations

(1) |Dn| = (n− 1)(|Dn−1|+ |Dn−2|)
(2) |Dn| = n|Dn−1|+ (−1)n

and the non-recursive formula

(3) |Dn| = n!

n∑
i=0

(−1)i

i!

proof :(1) For a derangement σ, there are n−1 possibilities for σ(n). If σ(n) = a,
consider the 2 cases.

1. σ(a) = n. The number of derangements satisfying this is just |Dn−2|.

2. σ(a) 6= n. Then, σ(b) = n for some b ∈ {1, 2, · · · , n − 1}. We can asso-
ciate it with a unique derangement,

τ(x) =

{
σ if x 6= b

a if x = b

18



on n− 1 elements. We can recover a unique σ from any τ so case 2 must corre-
spond to |Dn−1| possibilities for σ.
Putting these cases together establishes (1).

proof. (2) I’m not actually sure of a combinatorial reason for (2) but it can
easily be shown using (1) and induction. The base cases for 2 is easy and for
the n+ 1 case we have

|Dn+1| = n(|Dn|+ |Dn−1|) = n(|Dn|+
(|Dn| − (−1)n

n
)

= (n+ 1)|Dn|+ (−1)n+1

proof. (3) This immediately follows from (2) and induction.

It turns out that the number of derangements can be explicitly calculated as

|Dn| = b
n!

e
+

1

2
c

but this requires analytic methods to prove.
Problem 1.5 (IMC 2014 Problem 5 Day 2)
For every positive integer n, denote byDn the number of permutations (x1, . . . , xn)
of (1, 2, . . . , n) such that xj 6= j for every 1 ≤ j ≤ n. For 1 ≤ k ≤ n

2 , denote
by ∆(n, k) the number of permutations (x1, . . . , xn) of (1, 2, . . . , n) such that
xi = k + i for every 1 ≤ i ≤ k and xj 6= j for every 1 ≤ j ≤ n. Prove that

∆(n, k) =

k=1∑
i=0

(
k − 1

i

)
D(n+1)−(k+i)

n− (k + i)

Solution. We create a bijection f between derangements σ on n elements
with σ(i) = i+ k for 1 ≤ i ≤ k and permutations τ on n− k + 1 elements with
τ(1) = n− k + 1 and τ(i) 6= i for i ∈ {1} ∪ [k + 1, n− k + 1] by

f(σ(x)) =


1 if x = n+ 1− k

n+ 1− k if σ(x+ k) = 1

σ(x+ k)− k if σ(x+ k) > k

σ(x+ k) if 1 < σ(x+ k) ≤ k

If we remove the τ(1) = n+ 1− k condition, the number of such τ with exactly
j fixed points is just (

k − 1

j

)
Dn+1−(j+k)

and the probability that τ(1) = n+ 1− k for τ ∈ Dn+1−(j+k) is just 1
n−(j+k) so

the number of such τ with τ(1) = n+ 1− k is(
k − 1

j

)
Dn+1−(j+k)

n− (j + k)

So summing over all j finishes the proof.
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1.5 Bell Numbers

How many partitions are there of the set {1, 2, · · · , n}, we denote this value Bn?
There is no known explicit formula but
Theorem 1.5

Bn+1 =

n∑
i=0

(
n

i

)
Bi

proof. The summands just correspond to the cases where there are n−i elements
in the partition containing 1.

1.6 Principle of Inclusion-Exclusion

Suppose we have some sets A1, A2, · · · , An and we want to know the size of

A1 ∪A2 ∪ · · · ∪An
If they are disjoint it’s obviously just

|A1|+ |A2|+ · · ·+ |An|

But what if there are some common elements?

Theorem (Principle of Inclusion-Exclusion)

|A1∪A2∪ · · ·∪An| =
n∑
i=1

|Ai|−
∑
i<j

|Ai∩Aj |+ · · ·+ (−1)n+1|A1∩A2∩ · · ·∩An|

proof We just show that every element gets counted exactly once. Take an
arbitrary element j ∈ A1 ∪A2 ∪ · · · ∪An and suppose it is in exactly i of these
sets. Then it gets counted j times in the first sum, -

(
j
2

)
times in second sum

and so on. Therefore, j gets accounted for a total of

j∑
i=1

(−1)i+1

(
j

i

)
= (−1 + 1)j + 1 = 1

times which is what we wanted.

It is often useful to think of the principle of inclusion-exclusion in a slightly
different form

Theorem (Generalized Principle of Inclusion-Exclusion) Suppose we have some
set A and each a ∈ A may have some of the following properties from the set
S = {B1, B2, · · · , Bn} and for each T ⊂ S, we let

P (T ) = {a ∈ A : a has each property in T}

then the number of elements of A that have none of these properties is∑
T⊂S

(−1)|T |+1P (T )

proof Exactly the same as the original
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2 Graph Theory

2.1 The Basics

The first time I heard I was going to be learning Graph Theory, I was woefully
unexcited. I expected I would be tracing out the same meaningless graphs to
the same meaningless functions that no one understands why they make you do
from Algebra 1 all the way to Calculus. I turned out to be completely wrong.
In fact, graph theory is of the most fun subjects I have ever learned.

Defintion 2.1 A graph is an ordered pair (V,E) where V is a set of vertices
and E is a multi-set of two element subsets of vertices. Informally, a graph is a
bunch of points written in the plane (or some higher dimensional space if you
want to imagine it that way) with lines connecting some of them. The key that
differentiates Graph Theory from geometry is that the orientation of the points
does not matter.

It is important to note that there can be more than one edge between two
vertices and even an edge going from a vertex to itself. If neither of these two
things occur in a Graph, we say the graph is Simple.

Definition Two graphs are isomorphic if there is a bijection f of their vertices
such that if there are exactly k edges between vi and vj , then there are exactly
k edges between f(v1) and f(v2). Like in all other areas of mathematics, iso-
morphic basically just means ”the same”.

2.1.1 Euler Circuits

Graph theory was born in 1736, when a question was proposed by some officials
in konigsberg. Tours were regularly offered of the city to highlight its 7 amazing
bridges. The problem was, the officials wanted to have the tour go over every
bridge exactly once but they couldn’t figure how to do this. They proposed the
question to the mathematical community and it was Euler who answered

He interpreted the bridges as edges and the pieces of land separated by water
as vertices.

Defintion 2.4 Two vertices are adjacent if there is an edge connecting
them.

Definition 2.1 Given a graph, if one can start at some vertex and move along
edges connecting one vertex to another such that each edge is traveled along
exactly once, we say that the graph has an Euler Path.

Definition 2.2 The degree of a vertex is the number of edges it is connected to.
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Definition 2.3 A graph is connected if it for any two vertices v1 and v2
there is a sequence of vertices p1, p2, · · · pn where p1 = v1, pn = v2, and there is
an edge between pi and pi+1 for all i < n.

Theorem 2.1 A connected graph has an Euler Path iff it has less than three
vertices of an odd degree.

proof → Suppose a graph does have an Euler Path and there is some vertex of
an odd degree that is not the starting vertex of the Path. Then, whenever we
travel to the vertex we use one edge and we use one edge leaving. But since
the degree of the vertex is odd, after we travel along the last edge, we are stuck
at the vertex. Thus this vertex must be the ending vertex of the path. But if
there are more than three vertices of odd degree, there are at least two vertices
of odd degree that are not the starting vertex.

proof ← If the graph has vertices of all even degree, we can pick a random
vertex to start at and move along random edges. Since each vertex has an even
degree, whenever we travel to a vertex that was not the starting vertex, there
is an untraveled edge that we can use to travel away from the vertex. Thus,
eventually we return to our starting vertex in a state where there are no un-
traveled edges leading away from it. If there are some edges not yet traveled
there must be at least one that is connected to a vertex we have traveled to in
our path (because the graph is connected). Thus we can just augment our path
by starting at that vertex and making a path from that vertex back to itself on
untraveled vertices. We can just repeat this process over and over again until
each vertex is traveled on. Similarly of there are 2 vertices of odd degree we
can start on one of them and keep moving along edges and the only way this
process can stop is if we end up at the other vertex of odd degree. Just as above,
if after this not all edges have been traveled along, we can augment the path.
Notice these are the only cases we have to check because it is impossible to have
a graph with exactly one vertex of odd degree. To see this note that the sum of
the degrees of each vertex in a graph is just twice the number of edges so the
value is even.

2.1.2 Hamiltonian Cycles

A natural question follow up question is ”Under what conditions can one travel
along the edges of a graph as to visit each vertex exactly once.”
Unfortunately (or maybe fortunately if you like thinking about difficult ques-
tions) is that this question is much harder than the previous one.
If it is possible to visit each vertex exactly once traveling along the edges of a
graph G, we say G has a Hamiltonian Cycle.

There are currently no known list of necessary and sufficient conditions for
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a graph to have a Hamiltonian Circuit.
One initial idea that seems promising to test for a Hamiltonian Circuit is to try
to start on a random vertex and always move to the adjacent vertex with the
smallest degree that has not already been visited (or the smallest degree after
deleting all vertices that have been visited). While this does work for any graph

with more than (v−1)(v−2)
2 + 2 edges, it fails in some cases like in the following

graph

12

3

4

5 6 7

One really nice theorem that gives us criterion for a graph to have a Hamilto-
nian Cycle comes from Ore

Theorem (Ore’s Theorem) A graph G on n vertices has a Hamiltonian Cy-
cle if for every pair of nonadjacent vertices v1, v2, d(v1) + d(v2) ≥ n.

proof. If for any way to order the vertices S = v1, v2, · · · , vn (from now on
we will consider the indices taken mod n), we define

f(s) = |{i ≤ n : vi is adjacent to vi+1}|

then we just need to show that for any sequence of the vertices S with f(S) < n,
we can find a different sequence of the vertices T s.t. f(T ) > f(S). To do this
consider a sequence S = v1, v2, · · · , vn and suppose vi is not adjacent to vi+1.
Consider

A = {vk : vk is adjacent to vi}

and
B = {vk : vk+1 is adjacent to vi+1}

Notice that vi /∈ A, vi /∈ B and by assumption |A|+ |B| ≥ n so A ∩ B 6= ∅. So
we can find some j with vj ∈ A ∩B; WLOG assume j > i+ 1. But this means

f(v1, v2, · · · , vi, vj , vj−1, · · · , vi+1, vj+1, vj+2, · · · , vn) > f(v1, v2, · · · , vn)

1 2

3

4

56

7

8

becomes

1 6

5

4

32

7

8
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Problem (ISL 2002 C6) Let n be an even positive integer. Show that there is a
permutation (x1, x2, · · · , xn) of {1, 2, · · · , n} such that for every i ∈ {1, 2, · · · , n},
the number xi+1 is one of the numbers 2xi, 2xi−1, 2xi−n, 2xi−1−n. Hereby,
we use the cyclic subscript convention, so that xn+1 means x1.

Solution: Interpret this as a directed graph G. So we just need to show there is
a hamiltonian cycle.

lemma 1. G is connected.
proof For any i ≤ n, consider the sequence i = a1, a2, · · · , ak = 1 by aj+1 =
bai+1

2 c. Then, aj−1 is connected to aj .

Lemma 2. For each i ≤ n
2 , the vertices v with an edge going from v into 2i

are exactly the same vertices w with an edge going from w into 2i− 1 (specifi-
cally i and n

2 + i)

proof obvious

Since, G is connected and there is an edge going from n
2 + 1 into 1, there is

some cycle. Consider the largest cycle C = (c1, c2, · · · , ck) in G. Suppose
C 6= G. Consider the first element in our cycle ci with the property that there
is an ` /∈ C s.t. there is an edge going from ci into `. Now create a cycle
B = `, b1, b2, · · · , bm with B ∩ C = ∅. To see that such a B exists let consider
the longest path P = p1, p2 · · · , pi with P ∩ C = ∅. If pi is not connected to `
and pi is connected to 2k ∈ P ∪ C and 2k + 1 ∈ C ∪ P , then by lemma 2, pi is
either an earlier element element of P or an element of C. So there is such a B
but then c1, c2, · · · , ci, b1, b2, · · · , bm, ci+1, ci+2, · · · , cn is a cycle.

One of the most useful aspects of graph theory is just thinking about things
as graphs even if you don’t use any graph theory theorems. For example the
following problem is widely considered the most difficult IMO problem of all
time.

Problem At a certain mathematical conference, every pair of mathematicians
are either friends or strangers. At mealtime, every participant eats in one of two
large dining rooms. Each mathematician insists upon eating in a room which
contains an even number of his or her friends. Prove that the number of ways
that the mathematicians may be split between the two rooms is a power of two
(i.e., is of the form 2k for some positive integer k).

Solution: First we will show that if there is at least one way that participants
may be split amongst the rooms then the number is a power of 2.

Take the obvious graph interpretation of the problem. For any configuration
consider its corresponding vector v ∈ F2, where the ith component of v being
equal to one represents vertex i being in the first partition and a zero represent-
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ing vertex i being in the second partition.

Now consider a sequence of zeros and ones of length n. Call the sequence good
if there is a way to partition the graph so that if the i element in the sequence is
equal to one then vertex i has an odd degree in its partition and if the i element
in the sequence is zero, then vertex i has an even degree in its partition. By
associating every configuration with its corresponding good sequence we can
partition the vectors corresponding to configurations into classes S1, S2, · · · , Sk
where S1 corresponds to (0, 0, · · · , 0) We will prove that |Si| = Sj for all i, j.
This will imply that there is a c so that

c|S1| = 2n

which will imply our claim.

For each Si, take some arbitrary vector v ∈ Si and call that vector bi. Now,
consider collection of functions fi : S1 → Si by

fi(v) = b1 + bi + v

We claim that this function is well defined and a bijection. To see that it is well
defined consider some arbitrary vertex j. WLOG suppose the jth component
in each of these vectors is 0. (If not we can just add < 1, 1, · · · , 1 > and the
degrees will not change). Now the `th component of b1 + v is one iff, vertex ` is
in opposite partitions in v and b1. But since they are in the same class, an even
number of neighbors of vertex j switched partitions from b1 to v. So adding
b1 + v to bi shifts the position of an even number of neighbors of vertex ` so
b1 + bi + v ∈ Si.
To see that fi is a bijection note that it is its own inverse.

Now we just need to show that there is at least one way that participants
may be split amongst the rooms. We induct on the number of vertices. Assume
there exists at least one vertex of odd degree because if not then we could just
put everyone in one room. Call that vertex v. Consider the graph obtained
by deleting v, deleting every edge between any two neighbors of v and adding
an edge between any two neighbors of v that were not originally adjacent. By
inductive hypothesis we can partition these vertices into two sets so that in each
set, each vertex has an even degree. Now consider the same partition with the
original graph while putting v in the set with an even number of its neighbors.
Notice that in this partition, each vertex has an even degree in its set so we are
done. Definition 2.5 A tree is a connected graph with no cycles and a forest
is any graph with no cycles.

Theorem Every tree on n labeled vertices has exactly n− 1 edges.

proof. We use induction. If G is a tree consider two adjacent vertices v1 and v2
connected by edge e. Now, if we contract e, merging v1 and v2, we have a maxi-
mal tree on n−1 vertices and there must be n−2 edges by inductive hypothesis.

25



Theorem If a tree T has a vertex v of degree n, then there are at least n
vertices in T with degree one.

proof Let us mimic the proof the characterization of euler paths. Start at
v, move along an edge e connected to v to a different vertex and delete e. Keep
moving randomly in this manner. Since, T is a tree, the only way this process
can terminate is to end up on a vertex of degree one. But every choice of first
edge connected to v must terminate on a different vertex of degree one because
if they terminated on the same vertex, there would be two paths starting at v
to that vertex so there would be a cycle. (These paths would intersect before
they reached the vertex of degree one but it would still create a cycle.)

Theorem Every connected graph G has a subgraph that is a tree.

textitproof Use the following algorithm
If G is a tree we are done. If not, there is some cycle C in G. Pick an edge in C
and delete it. Notice that the graph is still connected because the only function
of the deleted edge was to travel between its vertices but that can still be done
because the vertices were in a cycle. Keep repeating this until G is a tree.

Problem A country has n cities, labelled 1, 2, 3, . . . , n. It wants to build exactly
n − 1 roads between certain pairs of cities so that every city is reachable from
every other city via some sequence of roads. However, it is not permitted to
put roads between pairs of cities that have labels differing by exactly 1, and it
is also not permitted to put a road between cities 1 and n. Let Tn be the total
number of possible ways to build these roads. (a) For all odd n, prove that Tn
is divisible by n. (b) For all even n, prove that Tn is divisible by n/2.

Solution: We convert to the obvious interpretation of a graph on n labeled
vertices. We show that for any graph, the graph obtained by cycling the ver-
tices is not isomorphic to the original graph. This will imply our claim because
then we can partition the graphs into equivalence classes of size n.

Suppose there was some tree that was isomorphic to the graph obtained by
mapping each vertex v → v+k (mod n) for some k. Now we can then partition
the vertices into n

k classes C1, C2, · · · , Cn
k

so that among each there is a path
between any two vertices only using vertices in that class (To see this just choose
S so that for any s, t ∈ S, s 6= ak + t and then we can construct S one element
at a time always adding a vertex that is adjacent to at least one vertex in S)
But since the graph is connected there is a path between the classes. And since
the classes are isomorphic, if there is a path between Ci and Ci+1, then there
is a path between Ci+1 and Ci+2. But since n

k > 2, this implies the existence
of cycle, a contradiction.

For part b, the same argument works except that n
k might equal two in which
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case the map v → v + n
2 is an isomorphism, but by the argument above it is

the only map that creates an isomorphism so this implies our claim. Theorem
(Cayley’s Formula)
The number of trees on n labeled vertices is nn−2.

proof. We just construct a bijection between functions

f : {1, 2, · · · , n} → {1, 2, · · · , n}

and maximal forests on n vertices where we label one vertex A and another B
(A and B can be the same vertex). To do this consider an arbitrary function

f : {1, 2, · · · , n} → {1, 2, · · · , n}

We can partition the elements into ”In a cycle in f” and ”Not in a cycle of f”
(x is in a cycle in f if we can start with x, repeatedly apply f , and eventually
get x again). But f just permutes all the elements that are in a cycle. So if we
write the elements that are in a cycle of f in increasing order as

x1, x2, · · ·xk

we can draw an edge between f(xi) and f(xi+1) for 1 ≤ i < k. Then we just
add on all the other elements to graph in the canonical way. Then f(x1) gets
labeled as A and f(xk) gets labeled as B.

Example. Consider the function f : {1, 2, 3, 4, 5, 6, 7} → {1, 2, 3, 4, 5, 6, 7} by

f(1) = 2, f(2) = 1, f(3) = 2, f(4) = 2, f(5) = 6, f(6) = 7, f(7) = 5,

which can be visually represented by

1

23

4

5 6

7

from which it is clear that 1, 2, 5, 6, 7 are the only elements in a cycle. So we
can construct those vertices first

12 6 7 5

But we still need to add on 3 and 4, label 2 as A and label 5 as B so we are left
with

1A,2 6 7 B,5
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Notice that from this diagram it is easy to recover f .

We can now answer the question in the previous chapter ”How many ways
are there to distribute n labeled balls amongst n labeled buckets s.t. ∀i ≤ n,∑

j≤i

#(Balls in bucket j) ≥ i

Solution. We claim the answer is (n + 1)n−1. To do this we simply create a
bijection between ways to distribute n labeled balls amongst n labeled buckets
s.t. ∀i ≤ n, ∑

j≤i

#(Balls in bucket j) ≥ i

and maximal forests on n + 1 labeled vertices. To do this we employ the fol-
lowing algorithm. We imagine an n+ 1th ball bn+1, then consider a que of the
balls that initially only contains bn+1. Finally, we create an index j starting
with j = 1 and do the following.
1. Add all balls in bucket j to the end of the que so that if i < k and bi and bk
are in bucket j, then bi will be in front of bk in our que.

2. Draw an edge between vi and vk if bi is in bucket j and bk is the first
ball in our que.

3. If j = n we are done, otherwise remove the first ball in our que, increase j
by one, and repeat steps 1− 3.

Example Consider four boxes, the first conaing ball two and ball three, the
second box containing ball one, the third no balls and the fourth box containing
ball four. We start with our que containing ball five and the five labeled vertices
in the plane

5

3 2 4

1

Now in the first step, we add ball two and ball three to our que and it becomes

5 2 3

and we draw edges between the corresponding vertices

5

2 3 4

1
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then we delete ball five from our que and add ball one

2 3 1

and we draw edges between the corresponding edges

5

2 3 4

1

Then we remove ball two from our que.

There is nothing in bucket three so we don’t add anything to our que or draw
any new vertices but we do remove ball three from our que.

Then, in the final step we add ball four to our que

1 4

and draw an edge between one and four which produces the tree

5

2 3 4

1

Remark One nice thing about knowing a lot of theorems that tell you how
many things there are of some type is that when you are working on a com-
pletely different problem and computation indicates some value, you can easily
recognize that value as counting something else and try to create a bijection.

Definition 2.6 We denote the graph on n vertices where every two vertices
are connected by exactly one edge as Kn.

2.2 Bipartite Graphs

Definition 2.7 A graph is Bipartite if it is possible to partition the vertices
into two sets A and B such that no two vertices in A are adjacent and no two
vertices in B are adjacent.

Theorem A graph is Bipartite iff all of its cycles are even.
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proof The ← is obvious. For the other direction, just note that if we start
with a random vertex v and put it in A. Then take every vertex adjacent to v
and put it in B, take every vertex connected to those vertices and put them in
A and so on. The evenness will guarantee we get no contradictions about where
things go.

Definition 2.8 A Matching on a graph is a set of edges, no two of which
share an endpoint. A matching covers a set of vertices if all the vertices are
endpoints of an edge in the matching.

Theorem Hall’s Marriage Theorem. Let G be a bipartite graph with parts
A and B. Also, for any subset S ⊂ A, let f(S) denote the set of all vertices in
B that are adjacent to at least one vertex in S. Then there exists a matching
that covers A, iff for any subset S ⊂ A,

|f(S)| ≥ |S|

proof : Notice that if the degree of every vertex in A is exactly 1, then we have
found a matching. Therefore, we just need to show that if some vertex v in
A has degree greater than one, then we can find an edge, delete it, and the
resulting graph will still satisfy for any subset S ⊂ A,

|f(S)| ≥ |S|

To show this we use proof by contradiction. For some v ∈ A and an edge e
connected to v let v\E, denote v without e connected to it. Suppose this is
false, then there are two edges e1, e2 connected to v, so that there exists two
subsets S1, S2 ⊂ A, satisfying

|f(S1 ∪ {v\e1})| < |S1|+ 1

and
|f(S2 ∪ {v\e2})| < |S2|+ 1

But since
f(S1) ≥ |S1|

and
f(S2) ≥ |S2|

this means that f({v\e1}) ⊂ f(S1), f({v\e2}) ⊂ f(S2), f(S2) = |S2|, and
f(S1) = |S1|. This means that

|f(S1 ∪ S2 ∪ {v})| = |f(S1 ∪ S2)| = |f(S1)|+ |f(S2)| − |f(S1) ∩ f(S2)|

≤ |f(S1)|+ |f(S2)| − |f(S1 ∩ S2)| ≤ |S1|+ |S2| − |S1 ∩ S2| < |S1 ∪ S2 ∪ {v}|

which contradicts our initial assumption that for any subset S ⊂ A,

|f(S)| ≥ |S|
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Problem (IMO 2010 C2) On some planet, there are 2N countries (N ≥ 4).
Each country has a flag N units wide and one unit high composed of N fields
of size 1 × 1, each field being either yellow or blue. No two countries have the
same flag. We say that a set of N flags is diverse if these flags can be arranged
into an N × N square so that all N fields on its main diagonal will have the
same color. Determine the smallest positive integer M such that among any M
distinct flags, there exist N flags forming a diverse set.

Solution: We claim the answer is 2N−2 + 1. Also, we make the simplifica-
tion that multiple flags from a matrix with a one in blue cells, and a zero
in yellow squares. We use induction. To prove the base case of N = 4, we
can use hall’s marriage theorem. Imagine two bipartite graphs. The first with
parts A = {a1, a2, a3, a4}, B = b1, b2, b3, b4, b5 where ai and bj are adjacent
iff the cell (i, j) of our matrix has a one in it. And the second with parts
C = {c1, c2, c3, c4}, D = d1, d2, d3, d4, d5 where ci and dj are adjacent iff the
cell (i, j) of our matrix has a zero in it. Thus we just need to show that there
is a matching in one of these graphs that covers the smaller part. Using f as in
the statement to Hall’s Theorem, either f(A) = 4 or f(C) = 4. WLOG assume
the former. Now the only way, there is not a matching is if there is some three
element subset S of A with f(S) = 2. But notice that this must mean we can
find a matching of C and D.

Now we proceed with induction. Given any set of 2N−2 + 1 flags, we can find
a column in the corresponding matrix that has both ones and zeros. WLOG
assume it is column one. Now, put the flags into two groups based off of if they
have a zero or one in the first column. One of these groups must be bigger than,
2N−3 + 1, so by inductive hypothesis, we can construct an NxN − 1 matrix
using these flags where deleting the first column would produce a flag with the
same entries down the main diagonal. But since, N ≥ 5, there are some flags
left over from each group, so we can put one of these flags on top to create and
N ×N matrix with the same entries down the main diagonal.

Definition 2.9 For a graph G. A vertex cover is a set of vertices that
include at least one endpoint of each edge of G.

Theorem 2.2 (König-Egervary Theorem)
For a Bipartite graph G, the maximum size of a matching of G is equal to the
minimum size of a vertex cover of G.

I’ll omit my proof to this because I was only able to come up with an ugly
pure bash solution that the reader come up with with a little effort. The best
technique is likely to be using linear programming.
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2.3 Coloring

Definition A proper coloring of a graph G is a choice of color for each vertex
s.t. no two adjacent vertices have the same color.

Definition The Chromatic Number of a graph G is the smallest number
n of colors s.t. there is a proper coloring of G using n colors.

For example, the chromatic number of Kn is n because every two vertices are
adjacent, the chromatic number of any Bipartite graph is two, and the chromatic
number of the graph in figure 2.3 is 3.

Theorem If we denote the graph with Q2 as vertices and edges going be-
tween every two vertices that are exactly a distance of one appart as Q2

d, then
the chromatic number of Q2

d is two.

proof. We just need to show that there are no cycles of odd length. To do this we
assume the converse. Then we have for some x1, x2, · · · , x2n+1, y1, y2, · · · y2n+1 ∈
Q with ∑

i≤2n+1

xi =
∑

i≤2n+1

yi = 0

and ∀i ≤ 2n+ 1,
xi

2 + yi
2 = 1

But notice that for any i ≤ 2n+ 1, if xi = a1
b1

and yi = a2
b2

with

gcd(a1, b1) = gcd(a2, b2) = 1

, if b1 is even,
a1

2 + a2
2 ≡ 0(mod4)

. But because by assumption, a1 is not even a1
2 ≡ 1(mod4), and this would

imply that a2
2 ≡ 3(mod4) which is nonsense. Therefore b1 and b2 are both odd

and so exactly one of a1 and a2 are even. But then if an odd number the xi
have an odd numerator, an even number of the yi have an odd numerator and
so ∑

i≤2n+1

yi 6= 0

Problem If we define R2
d analogous to the above, what is the chromatic number

of R2
d?

Solution. There is no solution, or at least no known solution. This is actu-
ally an outstanding open problem in graph theory. We know that it is greater
than three which can be seen by the following diagram.

We also know that it is less than or equal to seven by tesselating the plane
with hexagons

But that’s it, it is greater than three and less than eight.
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Problem (Miklos Schweitzer 2016 Problem 2) Let {xn} be a Van Der Corput
series,that is,if the binary representation of n is

∑
ai2

i then xn =
∑
ai2
−i−1.Let

V be the set of points on the plane that have the form (n, xn).Let G be the graph
with vertex set V that is connecting any two points (p, q) if there is a rectangle
R which lies in parallel position with the axes and R ∩ V = {p, q}.Prove that
the chromatic number of G is finite.

Solution. Lemma. For any graph G, if we can partition its edges into two
sets A and B and we can paint the vertices a finite number colors so that no
two vertices sharing an edge in A are the same color and there is a different way
to paint the vertices a finite number colors so that no two vertices sharing an
edge in B have the same color, then the chromatic number of G is finite. (This
lemma isn’t really necessary, it just makes things simpler)

proof If any vertex gets painted c1 in the coloring for A and c2 in the col-
oring for B then we can paint it the ordered pair (c1, c2)

Now let us consider what vertices in this graph are adjacent.
Claim: For two points p = (p1, p2) and q = (q1, q2) with q1 > p1 and q2 > p2
are adjacent iff p2 and q2’s binary representation is the same except at exactly
one place where q2 has a one and p2 has a zero.

it: → If not there must be some r = (r1, r2) with p1 < r1 < q1 and p2 < r2 < q2.
Consider the first place p in the binary representation that differs between q1
and r1. If r1 contains a 1 at p then r2 > q2 but if q1 contains a 1 at p then
r1 > q1.
←

2.3.1 Edge Coloring

Definition An edge coloring of a graph G is a choice of color for each edge
in G. An edge coloring is proper if no two edges sharing a common endpoint
have the same color.

Theorem (Ramsey’s Theorem) For fixed positive integers j and k, there exists
an n s.t. for N ≥ n, KN contains a subgraph isomorphic to Kk with all its
edges painted the same color for any edge coloring of KN with j colors.
proof First we show that if we can prove the theorem for j = 2 then the theorem
is true for any j. Use induction. Suppose we are to use n colors. Choose an
arbitrary positive integer k. Then let r(n− 1, k) be a sufficiently large number
s.t. any coloring with n−1 colors of Kr(n−1,k) contains a subgraph Kk that has
all its edges painted the same color. Then, by pretending two of our n colors
are the same, we see that Kr(n−1,r(2,k)) will contain a subgraph isomorphic to
Kk with all its vertices painted the same color.

Now we show that the theorem is true for j = 2. For this part of the proof
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we use edge coloring to refer to an edge coloring only using red or blue. Let
R(a, b) denote the smallest positive integer s.t. KR(a,b) either contains a sub-
graph isomorphic to Ra with all red edges or a subgraph isomorphic to Rb
with all its edges painted red for any edge coloring of KR(a,b). We show that
R(a− 1, b) + R(a, b− 1) + 1 ≥ R(a, b). To do this consider an edge coloring of
KR(a−1,b)+R(b−1,a)+1. Take an arbitrary vertex v and partition the rest of the
vertices into two groups so that for any two vertices v1, v2 in the same group,
the edge between v1 and v is the same color as the edge between v2 and v.
Accordingly call the two groups the red group and the blue group. Now, either
the red group has size greater than R(a−1, b) or the blue group has size greater
than R(b − 1, a). WLOG assume the former. Then either there is a subset of
this group that has size a−1 and all its edges painted red and v can be added to
this group so that the resulting group will have size a and all its edges painted
the same color or there is a subset of size b with all edges painted blue.

This result sparked a whole area of mathematics called Ramsey Theory. The
idea is to find out how some local order must necessarily exist in systems if
they are sufficient large. The nature of Ramsey Numbers (i.e. the same as the
definition of R(a, b) in the proof) are also a hotly studied topics in mathemat-
ics. They roughly grow exponentially but no one has been able to show that
(R(n, n))

1
n converges. The best known bounds are that

R(s, s) ≤ [1 + o(1)]
4s−1√
πs

and that
R(s, s) ≥ [1 + o(1)]

s√
2e

2s/2

2.4 Planar Graphs

Definition A graph is planar if it can be drawn in the plane so that no two
edges intersect.

The following is probably the most well-known theorem in graph theory.

Theorem (Euler’s Formula) For any connected planar graph, the number of
faces is equal to the number of edges minus the number of vertices plus two.

proof Easy induction. We can start with a maximal tree (this is the mini-
mal connected graph) which satisfies the condition. Then, adding any edge,
creates a cycle and thus creates another face.

We can extend this idea very far. If we think about simplicial complexes in
higher dimensional space, similar constants arise. We won’t go into it here but
it is actively studied in topology.
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2.5 Min-Flow/Max Cut

Definition A directed graph is a graph where each edge has a direction.

Definition A network is a directed graph with two special vertices s and
t, which are referred to as the source and sink respectively, with no edges going
into source and no edges coming out of sink. Adionally every edge has a capac-
ity denoted c(e) which is a positive real number.

Problem (USA TST 2011 Problem 2) In the nation of Onewaynia, certain
pairs of cities are connected by roads. Every road connects exactly two cities
(roads are allowed to cross each other, e.g., via bridges). Some roads have a
traffic capacity of 1 unit and other roads have a traffic capacity of 2 units. How-
ever, on every road, traffic is only allowed to travel in one direction. It is known
that for every city, the sum of the capacities of the roads connected to it is
always odd. The transportation minister needs to assign a direction to every
road. Prove that he can do it in such a way that for every city, the difference
between the sum of the capacities of roads entering the city and the sum of the
capacities of roads leaving the city is always exactly one.

Solution: Call an assignment of corrections good if it satisfies the conditions
in the problem. Suppose there are two roads, the first going from a to b and
the second going from b to c with equal capacities. Notice that if the nation
obtained by replacing these two roads with a single road of the same capacity
from a to c has a good configuration then so does the original city. Therefore
we can keep applying this process until it cannot be repeated anymore. We can
delete any roads going from a city to itself because these don’t do anything.
Therefore we are left with each city having at most one row of each capacity. So
if we ignore the capacities of the roads, we are left with some paths and cycles
of cities. In either case, we can direct all the roads in a single direction and all
cities will have the difference of their capacities be one.

For any network a flow is a function f : E → R satisfying for any vertex v
that is not the source or sink,∑

e→v
f(e) =

∑
e←v

f(e)

and ∀e ∈ E, 0 ≤ f(e) ≤ c(e).

If we denote an edge e going into a vertex v as e → v and an edge e com-
ing out of a vertex as e← v, then the value of the flow f denoted |f | is

|f | =
∑
e←t

f(e) =
∑
e→s

f(e)

A natural question is ”Given a network N , what is the largest possible value of
any flow on N?” which we will call the max-flow.
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The question is very difficult so we will just focus on the case of Integral
Networks where the capacity of each vertex is an integer (the techniques we
will explore will of course also work if the flow is rational because the ”one
value” is arbitrarily defined).

The best we can do is give a (fairly fast) algorithm that will output the max-flow
which is named the ford-fulkerson algorithm.

First we define an augmenting path from s to a vertex v as a sequence of
vertices s = v1, v2 · · · , vn = v s.t. for each i < n, either there is an edge e going
out of vi into vi+1 with f(e) < c(e) or there is an edge e going out of vi+1 into
vi with f(e) > 0. We start with ∀e ∈ E, f(e) = 0 and do the following.
1. Find an augmenting path v1, v2, · · · , vn from s to t
2. For each i < n, if there is an edge e going from vi to vi+1 and f(e) < c(e),
increase f(e) by one. If there is an edge e going from vi+1 to vi and f(e) > 0,
decrease f(e) by one.
3. If there is no augmenting path from s to t we are done otherwise repeat steps
1-3.

The key idea in this algorithm is the observation that if you want to flow some
stuff from vi to vj and are already flowing stuff from vi to vk, you can divert
what you are flowing from vi to vk into vj and look for other paths not using vi
to get stuff to vk.

It is also not obvious that the algorithm will produce the max-flow. To see
that it does consider

S = {v ∈ V : there is an augmenting path from s to v}

If v1 ∈ S and v2 /∈ S, any edge e going from v1 to v2 must have f(e) = c(v)
and any edge e going from v2 into v1 must have f(e) = 0. But since s ∈ S and
t /∈ S, the only way to get stuff from s to t is going through the edges running
between S and V \S which we just saw are all full. And nothing going into V \S
is leaving so it all must eventually end up in t.

The proof of this theorem also gives us another way to determine the max-
flow.

Definition For a network N = (V,E) and a partition P of V into S and T
with s ∈ S and t ∈ T , the cut of P is the sum of the capacity of each edge
going out of S into T .

What the proof told us is that max-flow is equal to the min-cut of any Integral
Network. Actually, the network does not have to be integral which can be in-
tuitively seem by taking sequences of rational networks that ”converge” to any
given network (The reader could formalize this with a delta-epsilon argument).
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2.6 Connectivity

Definition A cutset of a graph G is a set of vertices in G that can be deleted
to make the graph not connected. We consider the graph of a single vertex ”not
connected”.

Definition We denote the minimum size of any cutset as κ(G) and we say
a graph is k−connected if κ(G) ≥ k.

Definition. A cut of a graph G is a set of edges in G that be deleted to
make the graph not connected.

Definition. We denote the minimum size of any cut as λ(G) and say a graph
is k-edge connected if k ≥ λ(G).

Definition We say two vertices are connected if there is a path between them.
An obvious but important observation is that connectedness is an equivalence
relation so that if vertex v1 is connected to vertex v2 and v2 is connected to v3
then v1 is connected to v3.

Theorem. For any graph G, κ(G) ≤ λ(G).

proof. The obvious idea for a proof is for any cut, just delete a random endpoint
from very edge in the cut to get a cutset. But we might have accidentally deleted
all the vertices in a connected component of the resulting graph so we have to
be a little more careful. To do this just note that for any edge in the cut, we
can partition its endpoints into two sets A and B so that at the end no points
in A will be connected to any points in B (This can be seen by induction). If
both sets contain more than one element we can just make a set of deletions
that leaves some points from both A and B left. If |A| = 1, and deleting every
point in B or every point in A does not create two disconnected components, it
must be the case that A ∪B = G so deleting B leaves just one vertex.
The notion of 2-connectedness is important because it means there is no single
vertex holding the whole the graph together.

Theorem. A graph is 2-connected iff it for every two vertices v1, v2 ∈ G,
there are two disjoint paths between v1 and v2 (in this context disjoint means
the vertices other than v1 and v2 in the path are disjoint)

proof The → direction is obvious. For the other direction, start by picking two
vertices v1 and v2 and choosing two random paths P = v1 = p1, p2, · · · , pn = v2
and Q = v1q1, q2, · · · , qk = v2 between v1 and v2. Let I(P,Q) be the num-
ber of vertices that are in both P and Q. Then we just need to show that if
I(P,Q) > 0, we can find paths P ′, Q′ with I(P ′, Q′) < I(P,Q). To do this sup-
pose that pi = qj . By assumption we can find a path T = v1 = t1, t2, · · · , t` = v2
that does not contain pi. Now consider some cases.
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1. {t2, · · · , t`} ∩ {p2, p3, · · · , pi, q2, q3, · · · , qj} = ∅. Then, let m be the smallest
integer s.t. {t2, · · · , tm} ∩ {p2, p3, · · · , pn, q2, q3, · · · , qk} 6= ∅. WLOG suppose
that tm = pa, then we let P ′ = t1, t2, · · · tm, pa+1, pa+2, · · · , pn and Q′ = Q.

2. 1 is not the case andm is the largest integer s.t. tm ∈ {p2, p3, · · · , pi, q2, q3, · · · , qj}
and WLOG assume that tm = pb. Then let c be the smallest integer greater than
m s.t. tc ∈ {pi+1, pi+2 · · · , pn, qj+1, qj+1, · · · , qk. If tc = pd for some d, then
we set P ′ = p1, p2, · · · , pb, tm+1, tm+2, · · · , tc, pd+1, pd+2, · · · , pn and Q′ = Q. If
not, then tc = qd for some d and we set P ′ = p1, p2, · · · , pb, tm+1, tm+2, · · · , tc, qd+1, qd+2 · · · , qk
and Q′ = q1, q2, · · · , qj , pi+1, pi+2, · · · , pn

p1

p2

p3

p4 = q4

q3

q2

q1

p5

p6

q5

q6

t4

t1

becomes

p′1

p′2

p′3

q′4

q′3

q′2

q′1

q′5

q′6

p′5

p′6

p′4

t1

But we can actually generalize this idea.

Theorem (Mergers Theorem) A graph G is k-connected iff for any pair of
vertices v1, v2 ∈ G, there are k disjoint paths from v1 to v2.

proof
Theorem (The Handle Theorem) Let G be a 2-connected graph and suppose
that there exists a proper subgraph H of G that is 2-connected. Then there
exists subgraphs A and B of G s.t. A is 2-connected and contains H, B is a
simple path, A ∪ B = G and A and B contain exactly two common vertices
which are the endpoints of B.

proof Let A be a maximal proper subgraph of G that is 2-connected and con-
tains H. Now if A contains all the vertices of G then there must be exactly
one edge not in A that is in G and we can let it and its endpoints be B. If
there is a vertex v in G not in A, then there is a path p = p1, p2, · · · , pk with
p1, pn ∈ A, p1 6= p2 and for 2 ≤ i ≤ n− 1, pi /∈ A. To see this take v. Since G is
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2-connected, there a path path p1 = p1,1, p2,1, · · · , p`,1 from v to some element
a1 ∈ A where the only element in p1 that is in A is a2. Now take some other
vertex a2 in A. There must be a path p2 = p1,2, p2,2, · · · , pk,2 from v to a2
that does not use a1. Let pj,2 be the first element in this path that is in A.
Also let pm,2 = pn,1 be the last element in p2 that is in p1. Then we can let
p = p`,1, p`−1,1, · · · , pm,1, pn+1,2, · · · , pj,2
Notice that A ∪ p = G. because A ∪ p2 is 2-connected so if it didn’t equal
G it would contradict that A was a maximal proper subgraph of G that is 2-
connected. Therefore we can have p = B and we are done.

Remark This is called the handle theorem because B looks like the handle
of the graph.

problem A crazy physicist discovered a new kind of particle which he called an
imon, after some of them mysteriously appeared in his lab. Some pairs of ions in
the lab can be entangled, and each imon can participate in many entanglement
relations. The physicist has found a way to perform the following two kinds
of operations with these particles, one operation at a time. (i) If some imon is
entangled with an odd number of other ions in the lab, then the physicist can
destroy it. (ii) At any moment, he may double the whole family of imons in
the lab by creating a copy I ′ of each imon I. During this procedure, the two
copies I ′ and J ′ become entangled if and only if the original simons I and J
are entangled, and each copy I ′ becomes entangled with its original imon I; no
other entanglements occur or disappear at this moment.

Solution. Convert to the obvious interpretation of a graph. We call a ver-
tex original if it was from an original imon and new if it was from a duplicate
imon. We use strong induction on the size of the largest connected component
of the graph. Assume true for n− 1, then call a connected component big if it
has size at least n. Call a connected component C complete if for every original
vertex v ∈ C, v′ is also in C.

Lemma. Suppose all connected components have size less than or equal to
2n. If there are two original vertices w1 and w2 connected to some original
vertex v, and deleting w1 and w′1 would create a big connected component C
disconnected from v, then deleting w2 and w′2 does not create a big connected
component disconnected from v.

proof. Because each vertex in C is disconnected from v, it is disconnected from
w2, so any vertex in C is still connected to w1 after deleting w2 and w′2 and
therefore still connected to v. But then there are at least n vertices connected
to v so there are less than n vertices not connected to v.

If we a graph with the largest connected component n, start by deleting each
vertex of an odd degree until this can’t be done anymore, apply ii and do the
following
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1. Pick a vertex v of odd degree from a big connected component and delete it.

2. Pick an original vertex w that was connected to v s.t. if w′ and w were
deleted, there would be no big component disconnected from v′. Note this is
always possible by our lemma because there are at least two new vertices con-
nected to v′. If w has an odd degree, delete it and then delete w′ If w has
an even degree, delete w′ and then delete w. After this chose another origi-
nal vertex x that was connected to v. If deleting x and x′ does not create a
big connected component disconnected from v′, delete x and x′, if are no big
connected components, we are done by inductive hypothesis, otherwise repeat 2.

If deleting x and x′ would create a big connected component C disconnected
from v′ and it would have all even degrees, delete v′ and then any vertices in C
that were connected to x or x′ will have odd degrees.

If deleting x and x′ would create a big connected component disconnected from
v′ that would have at least one vertex of odd degree, delete x and x′ in an order
that is allowable. If there are no big components we are done by inductive hy-
pothesis, otherwise every big connected component is complete and has a vertex
of odd degree and we can go back to 1.

Remark This is not a very good solution. It was basically me forcing the
observations that you only need to care about big connected components and
the observation that if you delete some vertex v, you can delete any vertex along
with its complement that was connected to v to work together. There is a much
nicer solution that shows you can use the operations to decrease the chromatic
number of the graph.

Problem (USA TST 2002 4) Let n be a positive integer and let S be a set
of 2n + 1 elements. Let f be a function from the set of two-element subsets
of S to {0, . . . , 2n−1 − 1}. Assume that for any elements x, y, z of S, one of
f({x, y}), f({y, z}), f({z, x}) is equal to the sum of the other two. Show that
there exist a, b, c in S such that f({a, b}), f({b, c}), f({c, a}) are all equal to 0.

Solution. We show that if a set T has at least 2n + 1 elements and there is
a function from S to the positive integers satisfying the conditions in the prob-
lem then there exist an a, b ∈ T with

f({a}, {b}) ≥ 2n

This will imply that there are a pair of elements c, d ∈ S with

f({c}, {d}) = 0

Call any such pair bad. Then by repeated application of this while removing an
element from a bad pair from S each time. We eventually get |S| = 2n−1 + 1
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and we can find 2n−1 + 1 bad pairs of elements from S. Therefore we can find
some c, d, e ∈ S with

f({c}, {d}) = f({d}, {e}) = f({e}, {c}) = 0

Now we prove the above claim that if a set T has at least 2n + 1 elements and
there is a function from S to the positive integers satisfying the conditions in
the problem then there exist an a, b ∈ T with

f({a}, {b}) ≥ 2n

Suppose this is not the case. Then consider two elements a and b that maximize
f . If

f({a}, {b}) = 2n − 1

then by the pigeonhole principle, we can find some c, d with

f({a}, {c}) = f({a}, {d})

Since 2n − 1 is odd, either f({a}, {c}) > 2n−1
2 or f({a}, {c}) < 2n−1

2 If the
former is the case then we have

f({d}, {c}) = 2f({a}, {c}) > 2n − 1

if the later is the case then we have

f({d}, {c}) = 2f({b}, {c}) = 2(2n − 1− f({a}, {c})) > 2n − 1

If
f({a}, {b}) < 2n − 1

then either there is some pair c, d with

f({a}, {c}) = f({a}, {d}) 6= f({a}, {b})
2

which will give us a contradiction by the same reasoning above, or we can find
three elements c, d, e with

f({a}, {c}) = f({a}, {d}) = f({a}, {e}) =
f({a}, {b})

2

But then we find that

f({c}, {d}) = f({d}, {e}) = f({e}, {c})

which is also a contradiction.
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3 Problem Solving Strategies

3.1 Introduction

I think the biggest mistake people make when attempting to solve olympiad
style combinatorics problems is not spending enough time scouting and instead
try attacking too soon. Combinatorics problems often introduce some ”system”
that you have never seen before and to solve the problem you just need to un-
derstand the system in some way. So what I mean by scouting is trying to figure
things out about the system even if they do not obviously relate to what you are
trying to prove. Attacking on the other hand is reasoning like, ”I need to prove
Z. Well, if X1 and X2 were true then Y would also be true and that would imply
Z so I am going to start trying to prove X1.” The problem with starting with
attacking is that you have no intuition about why ”X1” should be true and often
times it isn’t. And if you don’t spend time scouting you might miss some fun-
damental rule to the system that would be obvious with five minutes of scouting.

This is especially true with questions of the form ”Does X exist?” or ”Is Y
possible?” Even if you believe the answer to one of these questions is no, you
should usually spend some time to genuinely try to construct an example. And
if you can’t, often times by asking yourself, ”Why doesn’t this work” or ”What
went wrong”, you can figure out why the answer is ”no”, and you can construct
a proof using those reasons. For example,

Problem (USA TST Problem 3 2015) A physicist encounters 2015 atoms called
usamons. Each usamon either has one electron or zero electrons, and the physi-
cist can’t tell the difference. The physicist’s only tool is a diode. The physicist
may connect the diode from any usamon A to any other usamon B. (This con-
nection is directed.) When she does so, if usamon A has an electron and usamon
B does not, then the electron jumps from A to B. In any other case, nothing
happens. In addition, the physicist cannot tell whether an electron jumps dur-
ing any given step. The physicist’s goal is to isolate two usamons that she is
sure are currently in the same state. Is there any series of diode usage that
makes this possible?

The best thing to do when first looking at this problem is to see what kind
of information the physicist can obtain. An obvious first idea is to just lineup
all the atoms and then repeatedly go down the line and connect the diode from
each atom to the one directly to its right. Going through this process 2015
times will insure that if an atom a is to the right of an atom b, then if b has an
electron, so will a. This is some progress but it doesn’t obviously help, any two
atoms could still be in the same or different states. And any random uses of the
diode don’t seem to fix this. By now it seems pretty likely that the physicist
cannot accomplish the task. Now you can look closely at what happens when
the physician uses the diode once the atoms are in a line. Nothing happens if
she connects the diode from an atom to an atom on the right of that atom. But
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if the physicist connects the diode from an atom to an atom on the right of that
atom, then it is as if the atoms switched places and this leads directly to the
solution.

+· · · + − − · · ·

1 2 3 4

−· · · + − + · · ·

Diode

1 2 3 4

+· · · + − − · · ·

4 2 3 1

Solution: No. Start by arranging the usamons in line. Then anytime the physi-
cist connects the diode from a usamon A to B, if A is to the left of B switch
the positions of A and B but if A is to the right of B do not change the posi-
tions of any usamons. Now, notice that after any number of diode uses, for any
1 ≤ k ≤ 2015 it is possible the the first k usamons in the line have an electron
while the rest do not. Therefore for any selection of usamons, it is possible that
they are in different states.

This is not to say never attack, if you got that problem by the balls, you got
to twist. Not attacking when you have a good idea is another common mistake
and one I’m guilty of. I’m not sure if this mistake is a result laziness or fear
that the idea is wrong but once you have an idea that you feel is good, you have
to get you your elbows dirty and just get up in that problem. The best thing
to remember if this is a mistake that you make is that if your idea is good, the
work is not going to be as messy as you think it will. If you are unsure about
how to prove your idea works, use proof by contradiction. Just assume your
idea does not work at some point and just logic bash it until you arrive at some
contradiction which will often be much nicer than you think.
Another thing to remember is that the problem creator is a rational human
being and (usually) not a troll. For example consider:
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Problem (IMO) Each of the six boxes B1, B2, B3, B4, B5, B6 initially contains
one coin. The following operations are allowed

Type 1) Choose a non-empty box Bj , 1 ≤ j ≤ 5, remove one coin from Bj
and add two coins to Bj+1;

Type 2) Choose a non-empty box Bk, 1 ≤ k ≤ 4, remove one coin from Bk
and swap the contents (maybe empty) of the boxes Bk1 and Bk+2.

Determine if there exists a finite sequence of operations of the allowed types,
such that the five boxes B1, B2, B3, B4, B5 become empty, while box B6 con-
tains exactly 20102010

2010

coins.

A lot of students taking the test got this question wrong because they spent
the whole time trying to prove the answer was no. But I think just looking at
this problem you should conclude that the answer is probably yes. Even though
it seems very counterintuitive, 20102010

2010

is just such an ABSURDLY large
number. Hell, 20102010 is an absurdly large number. So if the maximum was a
reasonable amount (i.e. much less than 20102010) then I think they would ask
you to prove a much lower bound like 20102010 or something even smaller. But
if the actual maximum was some number on the order of 20102010, what do you
think is more likely

Problem Creator: ”I have come up with this nice unintuitive system where
it seems like you can only create small numbers but actually you can create
REALLY huge numbers. Having to show that you can get really big numbers
would make a nice problem”

or

Problem Creator: ”I have come up with this nice unintuitive system where
it seems like you can only create small numbers but actually you can create
REALLY huge numbers. I know, let’s give the kids an even higher number than
is actually possible and make them prove you can’t get to that”

Unsurprisingly it is the former.

Solution. Yes. First note that if there are k coins in B4, we can use the
moves to end up with 2k coins in B5. To do this just remove one coin in B4

to put four coins in B6 and repeatedly use type one to move the coins from B5

into B6 and then use type two to get them back in B5. This keeps doubling the
coins for every coin in B4. Now we describe an outline of the moves

1 1 1 1 1 1

0 3 1 1 1 1
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0 1 5 1 1 1

0 1 1 9 1 1

0 1 1 8 1 5

0 1 1 8 0 7

0 1 1 1 0 (7)27

0 1 1 0 (7)27 0

0 1 0 (7)27 0 0

0 0 (7)27 0 0 0

0 0 0
(7)27 times︷︸︸︷

2···
2

0 0

Notice that 20102010
2010

< (211)(2
11)(2

11)

< 211
211

211

<

12 times︷︸︸︷
2···

2

So this can go to

0 0 0

(7)27 times︷︸︸︷
2···

2

− 20102010
2010

4

0 20102010
2010

0 0 0 0 0 20102010
2010
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3.2 Induction

If you are terrible at olympiad combinatorics problems and I could offer one line
of advice to improve, it would be to always try to use induction. Of course I
have more than one line so this chapter will attempt to give the reader a more
nuanced understanding of induction and when to use it.

It’s important to realize all the things that you can instruct off of and to the
extent inductive reasoning can take you. You want to be at a point when you
are not making conscious decision to try induction but rather be aware of ways
to reduce a problem to the n− 1 case. For example.

Problem (IMO 2009 Problem 6) Let a1, a2, . . . , an be distinct positive integers
and let M be a set of n−1 positive integers not containing s = a1+a2+ . . .+an.
A grasshopper is to jump along the real axis, starting at the point 0 and making
n jumps to the right with lengths a1, a2, . . . , an in some order. Prove that the
order can be chosen in such a way that the grasshopper never lands on any point
in M.

Upon looking at this problem, there are two potential routes to solutions that
look possible. The first is simple induction where we show that we can pass
k numbers in k steps and thus the problem would be completed by inductive
hypothesis. The second is trying to bound the number of disjoint paths, and
show that there are so many many different paths that they all can’t be covered
by n− 1 numbers. The former looks much simpler so let’s try that first.

If we can pass one element in M in one jump then were done by inductive
hypothesis. Similarly, we can imagine starting at the end and moving back-
wards, so if we start at s and pass and element of M in one jump then were also
done. This suggests maybe we can show that all elements of M must cluster in
the middle and then find a way to cross over all of them. There is no obvious
way to proceed on this idea though so let’s go back to our first train of thought
of using induction and keep this idea on the backburner.

Lets see what happens if all the elements in M are bigger than any of the
ai. Then it’s kind of like the n − 1 case where we can choose any of the ai
to start out with but then we still have to cross n elements. So it is like in
exchange for an extra thing we have to not step on, we get more control over
where we start and which ai we use. There is no obvious way to use this as
a starting point, but what if we tried starting at the other end and saving the
choice to the end. We could choose one of the ai at random and then make
a path from s to ai. Then we could choose any element from M and avoid
all but that element. So then maybe we could shift things around a little and
avoid that element. The first seems like the best choice because once we skip
over that one then we are done. So let m be the smallest element of M and
suppose that we do intersect with m on our path. We could rectify this by
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choosing ai instead of whatever we chose so as to not run into m. But if ai is
smaller then what we chose, we could run into a different element in M . But
this isn’t a problem if we choose ai to be the biggest element in {a1, a2, · · · , an}.

Now we just have to deal with the case where there are some of the ai are
elements of M and all other ai are smaller than any element of M . We could
try the strategy above where we start with the biggest of the ai and then make
a path back from s to ai. Now, the only intersection point will be precisely ai.
We could do what we did above and replace the last element in our path with ai.
The only problem is that if that last element was one of the elements that was
an element of M then that would be the last element in our path and we would
intersect with M . We just need to find a way to ensure that the last element of
the path isn’t one of these. But if there were k elements of {a1, a2, · · · , an} that
were elements of M , then our path from s to ai only had n−k elements that we
need to avoid. So we can just constrain out path and make it avoid elements so
it is impossible, any of the elements that are in M are the last element of our
path from s to ai. Then we can just switch out the last element of this path
with ai and we are done.

Solution: We induct on n the base case of n = 2 is trivial. Let m be the
smallest element of M , b be the largest element of {a1, a2, · · · , an}, and A be
the set {a1, a2, · · · , an}\{b}. We now break into three cases

1. b < m. By inductive hypothesis, there exists a path from b to S using ele-
ments from A that does not intersect with any element of M except maybe m.
If it doesn’t intersect with m we are done. If it does, and the permutation of the
numbers that corresponds to this path is p1, p2, · · · , pn−1 and

∑j
i=1 pi = m− b,

then we can construct the path from 1 to S by p1, p2, · · · , pj , pj+1b, pj+2, · · · , pn−1
which does not intersect with M .

2. There is some i s.t. ai > m and ai /∈ M . Then if we let the first jump
be ai we can find a path from there to s that does not intersect with M by
inductive hypothesis.

3. There are some ai ≥ m and each of them is in M . Let T be the set of
all such elements. Consider the set M ′ = M\{b} ∪ {b + t : t ∈ T\{b}}. By
inductive hypothesis there exists there exists a path p1, p2, · · · , pn−1 from b to
s that avoids M ′. Then the path from 1 to s p1, b, p2, · · · , pn avoids M

One important use of induction that doesn’t always show up in your final solu-
tion but can be extremely useful in figuring out the solution is what I call ”By
Construction”. The idea is when you are considering some set or object you are
presented with, think about construction the object one point at a time. This
helps you realize as you add to your system, what is staying constant and what
is changing? What resources are being used up? The best place to use this is
problems that ask ’show that there does not exist..” For example
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Problem (ISL 2013 C4) Let n be a positive integer, and let A be a subset
of {1, · · · , n}. An A-partition of n into k parts is a representation of n as a sum
n = a1 + · · ·+ ak, where the parts a1, · · · , ak belong to A and are not necessar-
ily distinct. The number of different parts in such a partition is the number of
(distinct) elements in the set {a1, a2, · · · , ak}. We say that an A-partition of n
into k parts is optimal if there is no A-partition of n into r parts with r < k.
Prove that any optimal A-partition of n contains at most 3

√
6n different parts.

The first thing that strikes out about this problem is that asking for ”differ-
ent” parts indicates a possible bound on the number of different sums in the
set. Indeed, a good place to start, is to try and individually start trying to
construct an optimal partition and try to see why there cannot be very many
parts. Once you do this, it becomes quite obvious that you start quickly running
out of numbers to choose from. Then, from here it is just simple computation

Solution:

Lemma. If x1 < x2 < · · · < xn is an increasing sequence of integers, the num-
ber of distinct sums of exactly k ≤ n terms in the sequence is at least k(n−k)+1.

proof. We construct a sequence of set of exactly k terms in the sequence by

S1 = {x1, x2, · · · , xk}

and as long as

Sj = {xa1 , xa2 , · · · , xak} 6= {xn−k+1, xn−k+2, · · · , xn}

by the pigeonhole principle there is an i ≤ k, s.t. xai+1 /∈ Sj , so we can set

Sj+1 = {xa1 , xa2 , · · · , xai−1
, xai+1, xai+1

, · · · , xak}

Notice that for ∀i, the sum of the elements in Si is less than the sum of the
elements in Si+1 and there are k(n− k) + 1 terms in our sequence. To see this
note that if

Sj = {xa1 , xa2 , · · · , xak}

and we let

σ(Sj) =

k∑
i=1

ai

then

σ({x1, x2, · · · , xk}) =
k(k + 1)

2

σ({xn−k+1, xn−k+2, · · · , xn}) =
(2n− k + 1)k

2

48



and
σ(Si) + 1 = σ(Si+1)

Consider an optimal A−partition of n into k parts. Suppose there are ` distinct
parts. Each sum of some elements sums is less than n and if i < j, the sum
of any i of the ` chosen numbers is not equal to the sum of any j of the `
chosen numbers or else A-partition would not be optimal. Next, note that by
our lemma, for any i ≤ `, there are at least (i − 1)(` − i + 1) distinct sums of
i different numbers from the set of ` distinct chosen numbers. So there are at
least ∑̀

i=1

i(`− i) + 1 =
`2(`+ 1)

2
− `(`+ 1)(2`+ 1)

6
+ ` >

`3

6

numbers less than n that are not elements of the partition. Therefore, if

` ≥ 3
√

6n

there are more than n numbers less than or equal to n which is absurd.

On this problem if you are thinking ”by construction” it is almost impossi-
ble not to get this right. The idea is that you are thinking as I construct an
A-partition, every time I pick a point it eliminates a lot of other points from
consideration so eventually I am going to run out of possible points to choose
from. Then you just need to show that you run out of points to choose from
before you get to 3

√
6n different parts.

Problem (ISL 2002 C5) Let r ≥ 2 be a fixed positive integer, and let F be
an infinite family of sets, each of size r, no two of which are disjoint. Prove that
there exists a set of size r − 1 that meets each set in F .

Dealing directly with infinite collections of sets is often times hard so prob-
lems like theses are ideal candidates for by construction type solutions. We
want a way to build up F by selecting sets from F and then we can potentially
use these selections from F to find exactly what some set of size r − 1 that
meets every set in F should be and then prove that it works for all of F . One
important thing to note though is that F is not necessarily countable so we
can’t just construct F inductively.

To get an idea let’s try a small case of r = 2. The first set in F is some-
thing like {a, b} then another would be something like {a, c}. But what if we
had a third set like {b, c}? This seems like a counterexample to the problem
statement until we realize that there can’t be any other elements of F . So we
learned something and that is the fact that F is infinite is important and that
a potential idea we will be using is that we can force sets in F off of elements
because it is infinite. In other words we can always find sets in F that contain
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auxiliary elements that don’t contribute to the core intersections.

Now let’s return to our idea. We can start by selecting some set in F and
add it to some set S and consider the set T of all possible r − 1 element sets
that intersect each set in S. Then if we add another element of F to S and again
consider the set of all r− 1 sets that intersect with each element in S. This will
be some subset of T . So perhaps we can find a tricky way to repeat this process
for all of F and get that the intersection of all such sets is non-empty. But this
seems difficult, it would be really nice if T were finite. Maybe we can find some
initial sets in F to start in S that will make this finite. But this turns out not
to be true because the intersection of all sets in F could be non-empty in which
case we would only need one element to meet all of F .

This brings us to an interesting idea though, instead of starting with T be-
ing sets of size r− 1, we could just start with T containing sets of some size less
than r so that T is finite. Then, everytime we add something to T either the
size of T will decrease or that something won’t intersect with any sets in T and
we will be forced to make T have bigger sets in it. Indeed it is not difficult to see
that if there is no sets of size s that intersect with each set in T , then there are
not infinite sets of size s + 1 that intersect with each set in T . So now we just
need to show that in this process the size of the sets in T are bounded above
by r − 1. So we need to show that if the sets in T have size r − 1, then there
are no sets in F that don’t intersect with any sets in T . This would be easy to
prove for r but is a little more difficult for r − 1. This is where we can use our
early observation that F being infinite gives sets in F that have elements with
”no purpose”. In other words, there is some set in F that contains an element
that doesn’t intersect with any of the sets in S so for our purposes it is like
that set only has r− 1 elements. So we see that that if there was some set A in
F that didn’t intersect with anything in T then we could find a set in F that
cannot intersect with everything already in S and also A. And from here it is
not difficult to make this idea formal.

Solution:

Lemma: Let S be a finite subset of F , then there exists a unique positive
integer s such that the set of all sets that have size s and have a non-empty
intersection with S is non-empty and finite. Denote this value as f(S) and the
set of all such sets as g(S).

proof We just show that if there are no sets of size s that intersect with each
element of S, then there are not infinitely many sets of size s+ 1 that intersect
with each element of S, then since for sufficiently large t, there is a set of size t
that intersects with each element in S, this will imply our claim. To see this is
the case suppose that there are infinitely many sets of size s+ 1 that intersect
with each element in S, then since S is finite, there must be a set T of size s+ 1
that contains some element a that is not in any set in S. But then T\{a} must
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have non-empty intersection with every element of S and has size s. Obviously
this s is unique.

Now, we use the following algorithm to find a set of size r − 1 that meets
each set in F . Start with S containing an arbitrary element in F . Now, if there
is some set in F , that has empty intersection with some set in g(S), then add it
to S and repeat. Otherwise we can pick some set in g(S) and that set will meet
every set in F .

So we just need to prove that f(S) is bounded by r − 1 because every time
we apply this process, either f(S) increases or |g(S)| decreases so eventually
this process must stop. Then we can pick some superset of size r − 1 of g(S)
and this will satisfy the conditions in the problem.

First note that for some set b, that f(S∪{b}) ≤ f(S)+1 so if f(S) < r−1, then
after applying our process once, that f(S) will be less than or equal to r − 1.
So suppose that f(S) = r− 1. Then suppose that there is some set U in F that
has empty intersection with every set in g(S), then since F is infinite, there is
some set T in f that contains an element a that is not in any set in S ∪ U , but
then T\{a} is an element of g(S). But then T ∩ U = ∅.

”By Construction” is also useful in graph theory, think of the graph being
constructed one edge at a time.

Problem: Suppose you have a scale that will tell you the relative weight of
two sets of objects. Suppose further that you have n rocks and you are told
that all but one of them have the same weight. Call this the odd rock. For
each k determine the maximum n for which there exists a strategy that will
guarantee you being able to figure out which rock is the odd rock in k uses of
the scale.

The first thing to note when solving this is that you want to be able to pick
out a group of rocks so that if they all weigh equally, then you are left with the
amount of rocks corresponding to the k − 1 case (or something similar to it)
but also you want enough rocks so that if one side weighs more than the other,
you can figure out which rock weighs differently. So really, the problem you
want to solve is if for every rock, you know if that rock weighs differently, if it

is heavier or lighter, then how many times Solution: We claim the answer is 3k−1
2

Lemma 1: Suppose that for every rock r we know that if r is the odd rock
then we know it it weighs more or less than all the other rocks. Accordingly
split the rocks into L − rocks and H − rocks for possibly light and possibly
heavy respectively. Then in k uses of the scale, the maximum number of rocks
for which it is possible to determine the odd rock is 3k.
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proof Use induction. If there are 3k rocks we can take two thirds of these
rocks s.t. there are an even amount of L − rocks and H − rocks among the
chosen rocks. Now we split the H−rocks into two even piles, put these piles on
opposite sides of the scale and do the same for the L−Rocks. Then once we use
the scale we are left with 3k−1 rocks that could possibly be the odd rock and we
are done by inductive hypothesis. Similarly we use induction to show that it is
not possible to guarantee the odd rock will be found for a pile of more than 3k

rocks. We just note that any weighing will split the rocks into three piles, ”not
weighed”, ”L-rock on the left side of the scale and H-rock on the right side of
the scale”, and ”L-rock on the left side of the scale and H-rock on the right side
of the scale” and ”L-rock on the right side of the scale and H-rock on the left
side of the scale”. After the weighing is is possible that any of these piles will
be eligible to have the odd rock and one of these piles must have greater size
than 3k−1 so we are done by inductive hypothesis.

Lemma 2: Consider the problem above but suppose that you have an extra
rock that you know weighs the same as the non-odd rocks, Call this rock ”B-

rocks”. Then the solution is 3k+1
2

proof. First we show it can be done. Note that

3k + 1

2
=

n−1∑
i=0

3i

so we can just use induction. Start by taking 3n−1 rocks and one B-rock, split
them into two piles and weight them against each other. If they weigh the same
we are done by inductive hypothesis. Otherwise, we know that the odd rock
is among the weighed rocks and for any rock r amongst these we know that if
r is the odd rock whether it it is heavier or lighter so we are done by Lemma
1. To see that there can’t be more rocks just note that by induction we need

to weigh enough rocks to be left with 3k−1+1
2 rocks if both sides of the scale

weigh the same. But then we must choose more than 3k−1 rocks to weigh and
if their weight is different, we cannot guarantee being able to find the odd rock
by lemma 1.

Now we show in the original problem we can determine the odd rock if there
are

3k − 1

2
= (

k−1∑
i=0

3i)− 1

rocks. Start by weighing 3k−1 − 1 rocks against 3k−1 − 1 rocks. If they weigh
equal we can use those rocks as B-rocks and are done by lemma 2. If they weigh
differently we can label each either an L-Rock or an H-Rock and are done by

lemma 1. Similarly if there are more than 3k−1
2 rocks then if we start by weigh-

ing more than 3k−1 rocks against each other they could not weigh the same and
we can’t determine the odd rock by lemma 1 but if weigh less than 3k−1 rocks
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against each other then they could be equal and we cannot determine the odd
rock by lemma 2.

Problem (Putnam 1995 A4) Suppose we have a necklace of n beads. Each bead
is labelled with an integer and the sum of all these labels is n − 1. Prove that
we can cut the necklace to form a string whose consecutive labels x1, x2, · · · , xn
satisfy

k∑
i=1

xi ≤ k − 1 ∀ 1 ≤ k ≤ n

This is an interesting claim that is not immediately obvious is true. One access
point to this problem is the fact that sums are linear so this indicates trying to
”combine beads” to use induction. This ends up working.

Solution. We prove this is always possible and after we cut we can always
label the bead clockwise of the cut as x1. Then it’s just induction on the num-
ber of beads. Consider some necklace with n beads N1. Just note that we can
merge two beads, b1 > b2 with b2 on the clockwise side of b1 together and label
this new bead with b1 + b2 − 1 to get a new necklace N2. By induction we can
cut N2 to satisfy our condition, but notice that cutting in the same place in N1

will satisfy our condition in N1

3.3 Games

A classic type of combinatorial problem presents you with some game that mul-
tiple players play and ask you to determine which, if any, player has a winning
strategy. If you think the winner is A is usually, but not always, a proactive
strategy that they have and if the winning player is B, then it is usually a re-
active strategy. What I mean by this is that player A is trying to accomplish
something specific and you need to show that B can’t stop them but if B wins
it is more often by preventing A from doing something. For example

Problem (ISL 2014 c5) Let n be a positive integer. Two players A and B
play a game in which they take turns choosing positive integers k ≤ n. The
rules of the game are:

(i) A player cannot choose a number that has been chosen by either player
on any previous turn. (ii) A player cannot choose a number consecutive to any
of those the player has already chosen on any previous turn. (iii) The game is a
draw if all numbers have been chosen; otherwise the player who cannot choose
a number anymore loses the game.

The player A takes the first turn. Determine the outcome of the game, as-
suming that both players use optimal strategies.

It seems like if one player has a winning strategy it is probably should be the
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second player, because making a play is a bad thing. Also, it seems like the
edges are the best places to start because they only have one square adjacent
to them. Trying a few small cases it seems like player two can win if n is odd
and player one can draw if n is even.

Let’s start with odd. The first observation is that player one can only draw
if they play in all the odd numbered squares and player two plays in all the even
numbered squares.Therefore, player two just needs to play in an odd numbered
square and then not lose on any of their turns. It is not too difficult to come
up with a strategy for player two to accomplish this.

Now, the even case is a little harder. It is easy to see that player one can
only draw, if they either play all even or all odd squares. So perhaps, if player
two plays in a square of the same parody as a square player one plays than
player one can threaten a win. But this seems hard and there are no obvious
strategies. Maybe, player two can win for large n. Indeed, it is not too difficult
to come up with a strategy for player two for n ≥ 8

Solution: Player B has a winning strategy for n ≥ 7 and n odd. Other-
wise the outcome will be a draw. The reader can check that A can draw for
n = 2, 4, 6(and cannot win). Notice that the only way a draw can occur is if
one player chooses all even numbers and the other chooses all odd numbers.

If n is odd, there are more odd numbers than even numbers less than or equal
to n so B will win if he chooses at least one odd number and then makes sure
he doesn’t lose on each of his turns. WLOG assume A picks k ≤ n+1

2 on his
first turn. Player B can take n on his first turn then take i + 1 whenever A
picks i < n− 2 and k + 1 when A picks n− 2 or n− 1. Thus, eventually A will
be out of moves and lose.

If n > 6 is even, then B just needs to choose a number of the same parity
as a number A chooses and then not loose on each of his turns. Again suppose
WLOG that A chooses k ≤ n

2 on his first turn. Then B can choose n on his first
turn. Because n > 6, B can either choose a number 2 greater or 2 less than a
number A has already chosen on his second turn. If B chooses ` two less than
a number A has chose, WLOG assume ` = k − 2. We just choose one less than
whatever A chooses on each of their turns unless they take 1 in which case we
take one less than what A chose on their second turn. If B chooses ` two greater
than something that A has chosen, WLOG assume ` = k+ 2, B can just choose
one greater than whatever A takes on his turn unless he takes n− 1 or n− 2 in
which B can choose 1 greater than what A chose on his second turn.

If you are unsure who has the winning strategy, it is a good idea to take the
perspective of B and see if they can prevent A from winning. But it is more
common for A to have a reactive strategy than b having a proactive strategy.
It’s always a good idea to think about what the game looks like right before one
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player wins. Especially in the cases where both players have lots of options, it
is good to look at what kind of state the game is in so no matter what play that
player makes, they will lose. For example,

Problem (USAMO 1999 problem 5) The Y2K Game is played on a 1 × 2000
grid as follows. Two players in turn write either an S or an O in an empty
square. The first player who produces three consecutive boxes that spell SOS
wins. If all boxes are filled without producing SOS then the game is a draw.
Prove that the second player has a winning strategy.

Since it asks for a winning strategy, we must be in a state where player two
has to play somewhere and no matter what that player plays in that square
they will lose. What does it look like? Well, if they play an O in that square
they will lose so there must be an S either on that immediate left or right and
an empty square on the other side. Lets just imagine there is an S on the left
and an empty square on the right. They must also lose if they play an S in that
square so there must also be an S two squares to the the right.

S S

This is a good sign because if player one plays in either of the two empty squares
between the S’s they will lose. So this gives a very simple winning strategy for
player 2, get two S’s a distance of two appart with nothing in between and then
don’t lose and eventually player one will have to play in one of those two squares
and will lose. And it is very easy to come up with a way for player two not to lose.

Another notion that is important in Games is the idea of control. It is easy
for games to get out of hand and the winning player usually wins by keeping
everything simple and under control. For example

Problem (ISL 2014 C8) A card deck consists of 1024 cards. On each card,
a set of distinct decimal digits is written in such a way that no two of these sets
coincide (thus, one of the cards is empty). Two players alternately take cards
from the deck, one card per turn. After the deck is empty, each player checks
if he can throw out one of his cards so that each of the ten digits occurs on an
even number of his remaining cards. If one player can do this but the other one
cannot, the one who can is the winner; otherwise a draw is declared. Determine
all possible first moves of the first player after which he has a winning strategy.

The first thing that jumps out is that one player will always win because both
players have the same parody of every digit and there is one card corresponding
to this ending state.

Lets try some smaller cases. Trying out the 2 case yields that player one needs
to take the empty card. Moving on to the 3 case does not yield an obvious win-
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ning strategy after choosing the empty card but the three case has a surprising
amount of computation which doesn’t seem worth the effort.

Perhaps, player one can take the empty card on their first turn and then force
both players to split all the digits. Player one can’t choose the same card that
player two takes but perhaps they can take a card close to the one the other
player takes. For, example, they could always take the card differing only in
the one digit that player two takes. So if player two chose the card containing
1, 3, 4, 5, then player one could take the card containing 2, 4, 5 or if player two
took 3, 7, 8 then player one could take 1, 3, 7, 8. And if player two ever took the
card with only 1 on it then player two could take a random card. This doesn’t
seem to work though because player two can basically control the one digit after
taking the card with one on it. Other similar strategies still leave player two in
control. Maybe player two can actually win (taking the empty card didn’t seem
very good for player one in the three case). With a little work, it is easy to see
player two can use this strategy against player one if they take the empty card
on their first turn.

So player one loses if they take the empty card on their first turn. This means
player one can probably win if they take anything but the empty card on their
first turn because all non-empty cards seem like they are kind of ”similar”. The
stratagy player two used to win in the empty card case works for player one
if player two takes the empty card or a card with a single digit but doesn’t
seem to work if they avoid those two cards. But perhaps this strategy can be
generalized to larger sets. For example, if the chosen set is {1, 2} and player two
takes 1, 4, 5 then player one would take 2, 4, 5 and if player two took 6, 7 then
player one would take 1, 2, 6, 7. The advantage of this is that player one can
just choose the set player two took on their first turn and the problem with the
other strategy was that player one needed player two to take 1 at some point
before the end. Now we just look at what happens if player one employs this
strategy. Upon a little examination, it turns out that this strategy works!

Solution. We claim that player 1 has a winning strategy iff they do not pick
the empty card on their first turn.
For any A,B ⊂ {1, 2, · · · , 10}, define the A-complement of B to be the set of
all x that are in exactly one of A or B.

Lemma 1:
For any set T ⊂ {1, 2, · · · , 10}, at the end of the game, if for any set S player 1
has has exactly 1 of S or the T -complement of S, player 1 will either have an
odd number of every digit that is an element of T or an even number of every
digit that is an element of T .

proof : If |T | ≥ 3 and k ∈ T , note that if player 1 has every set that con-
tains k, they will have an even number of every digit in T . Next, consider a
sequence of switches where player 1 switches the card containing S with the
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card containing the T -complement of S. For any digit that is in T , this switch
changes the parity of the number of cards player 1 has with that digit. Any set
of cards player 1 has satisfying for any set S player 1 has has exactly 1 of S or
the T -complement of S can be obtained with a finite number of such switches.
If |T | = 2 then the number of U ⊂ {1, 2, · · · 10}\T , is even and each of these sets
corresponds to player 1 getting an odd number of one of the digits in T and an
even number of the other digit in T . So, putting this together proves the claim.

Lemma 2: There will always be a winner.

proof To see this note that because for any k ≤ 10, there are an even num-
ber of cards with k on them, both players will end up with the same parity of
k’s. So the set S of all numbers which player 1 has an odd number of is the
same as the set of all numbers player 2 has an odd number of. But exactly one
player has the card containing S.

For now on we do not differentiate from a set S and the card with S writ-
ten on it. Now, we construct a winning strategy for player 1 as follows. First,
player 1 picks some k ≤ 10. On their first turn they take a set other than ∅ or
{k}. Then, as long as there are more than 4 cards left and no player has taken ∅
or {k}, if player 2 takes a set S on their turn and the {k}-complement of S has
not been chosen, player 1 will will choose the {k}-complement of S. If player
2 takes the {k}-complement of a set player 1 has already chosen, player 1 will
take a random set other than ∅ or {k}. Suppose at some point in this process
player 2 takes ∅ or {k}. Then player 1 can take the {k}-complement of a set S
they have already chosen. Then player one can take cards to ensure that at the
end of the game, player one will have S and the {k}-complement of S, player
two will have ∅ and {k}, and for any other set T , the player that has T does
not have the {k}-complement of T . Then, every element other than k and the
elements of S will be split evenly between the players. Player 1 will have an odd
number of the elements of S\{k} because they have exactly two more of each
of them than player 2. player 1 may have an even number or odd number of
k but they have both S and the {k}-complement of S so they will win either way.

Now suppose that player 2 never takes ∅ or {k} and there are 4 cards left.
Those cards are ∅, {k}, A, and B. If A is the {k}-complement of B, then if the
players split A and B, who gets what will determine the winner. Player 1 takes
the corresponding card and can then ensures player 2 gets the other. If A is not
the {k}-complement of B then WLOG suppose that A is the {k}-complement
of a card player 1 has already chosen and B is the {k}-complement of a card
player 2 has already chosen. Player 1 then takes A. If player 2 takes B, then the
winner is determined by who gets which of the two remaining cards but player
1 gets to decide this. If player 2 does not take B, then player 1 can take B and
they will win for the reasons above.

Finally we construct a winning strategy for player 2 if player 1 takes ∅ on their
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first turn. On player 2’s first turn they will take {1, 2, · · · , 10}. Then, if player
1 takes some set S on their second turn, player 2 will take the S-complement
of {1, 2, · · · 10} on their second turn. Then, whenever player one takes a set T ,
player 2 will take the S-complement of T . Because player 1 will have exactly 2
more of each element from {1, 2, · · · 10}\S, lemma 1 shows that player 2 will win.

Remark I think the hardest part of this problem is identifying lemma 1. It
looks hard to come up with the idea compliments, but you are not left with many
other options to consider that gives one player control the game. It is tempting
to only be looking into compliments with one element because it works with
player one’s strategy and it seems like compliments of greater size would act
unruly.

Problem (USA TST 2017) You are cheating at a trivia contest. For each ques-
tion, you can peek at each of the n > 1 other contestants’ guesses before writing
down your own. For each question, after all guesses are submitted, the emcee
announces the correct answer. A correct guess is worth 0 points. An incorrect
guess is worth −2 points for other contestants, but only −1 point for you, since
you hacked the scoring system. After announcing the correct answer, the emcee
proceeds to read the next question. Show that if you are leading by 2n−1 points
at any time, then you can surely win first place.

The first thing to do is to make some simplifications. We can change it so that
you never lose any points and an incorrect guess is worth -1 points while a correct
guess is worth 1 point. Of course we can assume that you never get a question
right because this is strictly good for you. We can actually just turn this into a
game where we start with the vector v = (v1, v2, · · · , vn) = (0, 0, · · · 0), then in
every round player two partitions {1, 2, · · · , n} into some sets A1, A2, · · · , Ak,
you chose one of them Ai, and then player two chooses some j 6= i and con-
structs the vector (x1, x2, · · · , xn) and adds it to v where xi = 1 if i ∈ Aj and
xi = −1 otherwise.

Now that we have a good framework for the problem we can start to think
of potential ideas. This is another problem that looks like a good candidate for
monovariants. It should probably be an exponent so something similarly large
because we want to care way more about players that have a score close to 2n−1

(We should care infinitely much about a player who has score 2n−1) and we
don’t really care about players that have low scores. An obvious one to start
with is to use the monovariant

f(v) =
∑
i

avi

where a is some number so that we can force f to always decrease. It becomes
pretty clear that no such a will work. (We need a+ 1

a ≤ 1) Which in hindsight
is not surprising because this strategy would imply a bound of n which way
better than what the problem is asking for. After tinkering around a little more
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it seems that the prospects of a monovariant solution are grim.

Let’s turn our attention back to the value 2n−1. This is half the number of
subsets of {1, 2, · · · , n} or the number of ways to partition {1, 2, · · · , n} into
two sets so perhaps this has some significance. Let’s suppose that the second
player can only partition {1, 2, · · · , n} into two sets. Then, if the second player
splits the sets the same way twice, we can choose different sets each time and
effectively negate those two turns. And using this strategy, it is easy to ensure
every component of v is always less than 2n−1. We still have to deal with the
possibility of player two choosing more than two sets. But splitting into more
than two groups does not seem like a good strategy for player two because it
just leaves us with more options and still can’t effectively accomplish anything.
For example, suppose that player two could partitions {1, 2, · · · , n} into A,B
and C and that they want A the most, B the second most and C the least.
Then, we would choose A, and player two would choose B. But they could have
split it A and B ∪ C, and then we would be either forced us to let player two
have A or get B ∪ C which is strictly better than B. So we just have to make
it formal that it is a ”bad” strategy to split into more than two sets.

Solution: We can turn this into a two player game. Some number of con-
testants initially starts with zero points. In every round, player two partitions
the contestants into groups. Player one then chooses one of the groups and
finally player two chooses a group different than the one player one chose, gives
every contestant in that group one point and subtracts one point from every
other contestant. Then player two wins if at any point some contestant has
2n−1 points.

Lemma: We may assume player two always partitions the contestants into ex-
actly two groups.

Suppose player two partitioned the contestants into k groups A1, A2, · · · , Ak.
Then, after this, player two has a winning strategy in ` turns iff there exist two
distinct i ≤ k WLOG 1 and 2, s.t. player two can give points to either A1 or
A2 and still have a winning strategy in `− 1 turns. But notice if that were the
case, player two could have also partitioned the contestants into the two groups
A1 and A2 ∪A3 ∪ · · · ∪Ak and would still have a winning strategy in ell turns.

Now, assuming player two always partitions the contestants into exactly two
groups, player one can use the following strategy. Start with C empty. Then, in
every round if player two partitions the contestants into two sets A and B and
either A or B is in C, player one chooses removes that set from C and chooses
the other. If neither A nor B is in C, then there is at most one player with
2n−1 − 1 points and player one can choose that set (If there is no player with
2n−1 − 1 points then player one can choose randomly) and add it to C .

Another use strategy in Games is reduction. Often a player can make a move
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to reduce the game to a smaller game and sometimes the game itself actually
just reduces to a smaller game. To see when the game does it is often helpful to
imagine the state of the game right before one player wins and backtrack from
there. For example,

Problem A and B play a game, given an integer N , A writes down 1 first,
then every player sees the last number written and if it is n then in his turn he
writes n + 1 or 2n, but his number cannot be bigger than N . The player who
writes N wins. For which values of N does B win?

We first observe that if a player chooses n ≥ N
2 then both players can only

add one on each turn so if n is the same parody as N then that player will win
but will lose otherwise. Now, if a player chooses 2n and this is bigger than N

2
then that player will win if N is even but loose otherwise. This is a pretty big
difference so we should probably separate into the cases where N is even and
N is odd.

Let’s start with N odd. This is actually pretty simple because B has to start by
choosing an even number so A can add 1 and force B to write an even number.
This process continues and eventually A will win.

The above result is very nice because we can hope to reduce the case where
N is even into some other odd case from which it will be easy to see who wins.
Keeping in mind that if a player chooses n > N

2 even, they will win, we see that

if a player ever writes down N
4 < n ≤ N

2 then that player will lose because the

other player can write down 2n on their turn. Now, if a player writes down
⌊
N
4

⌋
,

they will win because the other player will be forced to write down N
4 < n ≤ N

2

on their next turn. But this just leaves us with the
⌊
N
4

⌋
case. The only differ-

ence between the N case and the pure
⌊
N
4

⌋
case is that if N

8 < n <
⌊
N
4

⌋
, then

a player can write 2n but this will just result in them losing so we can pretend
that they can’t.

So we have that if N is odd then A will win, if some player wins in the N
even case then that player will win in the

⌊
N
4

⌋
case, and B will win if N = 2.

Since we are dividing by 2 multiple times, to understand how going from the
N case to the

⌊
N
4

⌋
case, it is helpful to imagine N in binary. If, the ending

digit is a 1, then A will win. If the ending digit is 0, then we just truncate the
two leftmost digits. From here it is easy to characterize the N for which B wins.

Solution: We claim B wins iff N is in the form∑
i≥0

ai2
2i+1

where ai ∈ {0, 1} and (obviously) all but a finite number of the ai are 0.
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proof

Lemma 1: A wins if N is odd.

proof A can always choose n+ 1 and in this way always chooses an odd number
so B is forced to always choose an even number.

Lemma 2. If we let W (N) be the winner, then

W (N) = W (

⌊
N

4

⌋
)

proof : Notice If N
4 < n ≤ N

2 , then the player can double n at which point n is
an even number and both players are forced to add one every turn. But since
N , is even, this player will win. This means if any player ever chooses a number
N
4 < n ≤ N

2 , they will lose. But then if a player chooses⌊
N

4

⌋
the other player will be forced to choose such an n on their next turn and will
lose. So, because if

n ≤
⌊
N

4

⌋
choosing a number above ⌊

N

4

⌋
will result in a loss so it is like not being able to choose one. So

W (N) = W (

⌊
N

4

⌋
)

So this means A will win if after applying

f(x) =
⌊x

4

⌋
some number of times to N , an odd number is obtained. But B will win
otherwise. But notice that these numbers correspond exactly to numbers in
the form ∑

i≥0

ai2
2i+1

3.4 Algorithms

3.4.1 Greedy Algorithms

Greedy Algorithms are algorithms where you, in each individual step, try to
maximize the return of the short term without considering anything in the long
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run. Most of the time greedy algorithms are not optimal but can sometimes be
reasonably close to optimal. For example

Problem (ISL 2014 a3) For a sequence x1, x2, . . . , xn of real numbers, we define
its price as

max
1≤i≤n

|x1 + · · ·+ xi|.

Given n real numbers, Dave and George want to arrange them into a sequence
with a low price. Diligent Dave checks all possible ways and finds the minimum
possible price D. Greedy George, on the other hand, chooses x1 such that |x1|
is as small as possible; among the remaining numbers, he chooses x2 such that
|x1 + x2| is as small as possible, and so on. Thus, in the i-th step he chooses xi
among the remaining numbers so as to minimise the value of |x1 + x2 + · · ·xi|.
In each step, if several numbers provide the same value, George chooses one at
random. Finally he gets a sequence with price G.

Find the least possible constant c such that for every positive integer n, for
every collection of n real numbers, and for every possible sequence that George
might obtain, the resulting values satisfy the inequality G ≤ cD.

A good place to start is to try to think of ways our greedy algorithm could
go bady. Where could a greedy algorithm lead us down a bad road? Let’s
start by looking at the n = 3 case. The only way the greedy algorithm could go
wrong, is if it reached its maximum at |x1+x2| where x1 is the smallest number.
So that means that |x2 + x3| < |x1 + x2|. This could only happen if |x1| was
small |x2| was kind of big and |x3| was big. For example, if the numbers were
1,−4, 2 George would pick one first and then 2 which would give G = 3 but
Dave would choose 2 first and then −4 which would yield D = 2. This seems
like a fairly prototypical example, so perhaps the answer is 3

2 . But we might
be able to do better. This example did illuminate one thing though and that’s
that if the biggest number is really big, then it will dwarf everything else and
then D and G will be similar, but where Dave really goes wrong is if there is
some way to first migrate the biggest number but Dave goes wrong by getting
close to zero and then having to choose the biggest number. Also, since this
biggest number seems like important we might want to explore ideas relating
to it further. The first thing that jumps out is that in the worst case scenarios
for George, at no point in the process does he get a sum larger than the size of
the biggest number (The only way he gets bigger is if the sum of everything is
bigger but in that case D = G) but at the point where Dave adds the biggest
number to the sum, the size of the sum is at least half the size of the biggest
number. This shows that c ≤ 2 and with this idea in mind, it is not hard to
come up with an example where c = 2.

Solution. c = 2. Let
B = max{xi; i ≤ n}

and let gi be the sum after the ith step i the process where George choses
numbers. Then notice that D ≥ B

2 because at some point Dave chooses B and
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at this point the absolute value of the sum is at least B
2 . Now we can just use

induction. Suppose that gi ≤ 2D, then if there is some xj that has not been
chosen with sign(xj) 6= sign(gi) then

gi+1 ≤ max(|gi + xj |, gi) ≤ max(B, gi) ≤ 2D

If every non-chosen xi has the same sign as gi then

gi+1 ≤
n∑
i=1

xi ≤ D

More often than not if an algorithmic solution works to a competition problem
it is a greedy algorithm. For example

Problem(ISL 2001 C4) A set of three nonnegative integers {x, y, z} with x <
y < z is called historic if {z− y, y− x} = {1776, 2001}. Show that the set of all
nonnegative integers can be written as the union of pairwise disjoint historic sets.

For this problem, the first thing you want to do is imagine the number line.
Then, you can always take the smallest number not already covered and con-
struct a historic set out of unused integers. We just have to figure out a way of
assigning things to sets. If you imagine, it is like puzzle pieces fitting into the
numbers. If you notice, it looks much nicer if you use the same pieces in a row
because you are covering sections. It is also better to use the pieces of the form
a, a+ 1776, a+ 1776 + 2001 first because, it gives us more room and covers the
small compact elements first. And honestly, if you imagine them, using these
pieces just looks better (While this might not be the most rigourous or creative
way to solve the problem, you’d be surprised how far selecting configurations
that ”look nice” gets you in math). So we have a potential algorithm; always
choose the set of the form a, a+1776, a+1776+2001 first. Now we just want to
show that it is true. This is where just assuming a contradiction and mindlessly
bashing until you find something works out well and is actually not that messy.
(Yes, my advice for solving this problem is to eyeball a basic algorithm based
on what ”looks nice” and then mindlessly bash).

Solution: We start with S = ∅ and add all positive integers to S using the
following process
1. Chose the smallest positive integer a that is not already in S and add it to
S.
2. Add a+ 1776 + 2001
3. If a+ 1776 /∈ S then add a+ 1776 to S otherwise a+ 2001 /∈ S and we add
it to S.
Repeat this infinite times.
Now we show that this works. Obviously step two works because the a+1776+
2001 is bigger than all the elements in S. Now to see step three works, suppose
that both a+ 1776, a+ 2001 ∈ S. Then, the only time a+ 2001 could have been
added to S is in step two of the process where in the first step, the smallest
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element not in S was a−1776. But if that were the case, in step 3 of that iterate
of the process, a would have been added to S contradicting to assumption that
at some point in the beginning of the process, a was the smallest element not
in S.

Problem (IMO 2014 problem 6)
A set of lines in the plane is in general position if no two are parallel and no
three pass through the same point. A set of lines in general position cuts the
plane into regions, some of which have finite area; we call these its finite regions.
Prove that for all sufficiently large n, in any set of n lines in general position it
is possible to colour at least

√
n lines blue in such a way that none of its finite

regions has a completely blue boundary.

The first thing that strikes out about this problem is the value
√
n. The only

way to actually give a way to color the lines seems to be just coloring them
line by line and making sure that in the process we never color a finite region
completely blue. This seems appealing because as we color more lines blue,
there are a linear number of more possibilities for blue regions. So we should
probably be reserving on the order of k lines to not be painted blue and

∑m
i=1 i

is on the order of m2 which is the bound we want.

So let’s start by coloring a random line blue. Now let’s color another ran-
dom line blue. Okay, now we are in danger of coloring a region blue. There are
four regions containing both of the lines we have already painted blue and all of
these can be possibly completed by one more line. So how can we prevent these
from being painted blue? Well, suppose we have painted `1 and `2. Then the
two lines beside `1 passing through `2 each are boundaries of the two bounded
regions containing `1 and `2 on either side of `1. So let’s just reserve these
lines so that they cannot be painted blue. Now let’s pick another random line
`3 to be painted blue. Now there are eight more regions that are in danger of
becoming blue. Now we would like to just do what we did in the previous step
but around both intersection points of `1 ∩ `3 and `2 ∩ `3 but there is one slight
problem. There could be some line that we want to reserve but it could already
be blue. This could happen if say, one of the lines right beside `1 ∩ `3 was `2.
Well, then we might be in danger of one of the regions containing `1 and `3 as
boundaries that also has `2 as a boundary being completely blue. But actually
this isn’t a problem because we already insured that any region with `1 and `2
as boundaries cannot be completely blue.

Now this seems like it should all work so all that left is to verify that at least√
n lines get painted blue and that in fact there will be no completely blue.

Solution: First some notation we call the intersection of two lines a vertex,
for two lines `1, `2 we define the `1 adjacent vertices of `1 ∩ `2 to be the two
vertices lying nearest to `1 on `1 on both sides of `1 ∩ `2. Also, if one of the `1
adjacent vertices of `1 ∩ `2 is `1 ∩ `3, we say that `3 is a neighbor of `1 ∩ `2 We
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paint lines white and lines already painted white cannot be painted blue.

Now we give the following greedy algorithm, set j = 1 and in the j step
1. Pick an arbitrary line ` that is not painted white and paint it blue.

2. for each of the j − 1 lines m already painted blue, paint any unpainted `
neighbors of ` ∩m white.

3. If it is possible one-by-one paint the unpainted m neighbors of ` ∩ m un-
til two lines have been painted white in the jth step. Increase j by one and go
back to 1.

To see that this works consider consider some bounded region R. Consider
the first time two intersecting lines in this region get painted blue, then in this
step one of the lines in this region gets painted white.

To see that at least
√
n lines get painted blue, notice that for every choice

of two blue lines, there are at most two white lines so if we b the number of
points painted blue and w be the number of lines not painted blue(

b

2

)
≥ w

2

or
b ≥
√
w + b =

√
n

Here’s another example of a lines and points problem where a greedy algorithm
works

3.4.2 Monovariants

In many problems, you will have an algorithm but it may not be so obvious
that the algorithm is making progress. It is not inconceivable that if you start
with system in state A and apply the algorithm some number of times, you will
end up back in A. This is where monovariants come in. The idea is to assign
every state of the system some number and show that every time you apply your
algorithm, the number always increases (or always decreases). For example,

Problem (ISL 1994 C3) Peter has three accounts in a bank, each with an
integral number of dollars. He is only allowed to transfer money from one ac-
count to another so that the amount of money in the latter is doubled. Prove
that Peter can always transfer all his money into two accounts. Can Peter al-
ways transfer all his money into one account?

65



The first thing that strikes out about this problem is that the second claim
is clearly false because there could be an odd amount of starting money.

Solution: The answer to the first is yes. We use the following algorithm to
decrease the minimum amount in any of the three bank accounts. Let the
amounts in bank accounts 1,2,3 be be a ≥ b ≥ c respectivly. Write b = pc + r
where r < c. Suppose the binary representation of p is

d1 + 2d2 + · · ·+ 2n−1dn

Now for i ≤ n, in the ith step there is c2i−1 dollars in the third bank account.
If, di = 1, transfer money from bank two into bank three, otherwise transfer
money from bank account one into bank account three. At the end of this pro-
cess there will be r dollars in bank two.

The second part of this problem is clearly false if the sum of the money in
the three accounts is odd.

Problem (ISL 2007 C4) Let A0 = (a1, . . . , an) be a finite sequence of real num-
bers. For each k ≥ 0, from the sequence Ak = (x1, . . . , xk) we construct a new
sequence Ak+1 in the following way. 1. We choose a partition {1, . . . , n} = I∪J ,
where I and J are two disjoint sets, such that the expression∣∣∣∣∣∣

∑
i∈I

xi −
∑
j∈J

xj

∣∣∣∣∣∣
attains the smallest value. (We allow I or J to be empty; in this case the corre-
sponding sum is 0.) If there are several such partitions, one is chosen arbitrarily.
2. We set Ak+1 = (y1, . . . , yn) where yi = xi+1 if i ∈ I, and yi = xi−1 if i ∈ J .
Prove that for some k, the sequence Ak contains an element x such that |x| ≥ n

2 .

The first thing that strikes out about this problem is that the condition ”|x| ≥
n
2 ” does not seem obviously related the setup in the problem. Since it is depen-
dant on n, it seems to suggest that there are so many terms that every time
we move to Ak+1 the terms are defusing outward and before they can go back
in one term must be at least n

2 . From here there are two paths to go down.
The first it to characterize this diffusion by some monovaraint and the second
is to somehow individually track terms and bound sizes of the sets. The mono-
variants solution seems simpler so you should naturally start with that. And
surprisingly the simplest monovariant that characterizes diffusion just works,

Solution: If Ak = x1, x2, · · · , xn, let

f(Ak) =

n∑
i=1

xi
2
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We claim that as long as every element of Ak is less than n
2 , then

f(Ak) < f(Ak+1)

Since there are only finitely many possible combinations of elements that can
be obtained that are all less than n

2 , this will imply our claim.
We have

f(Ak+1)− f(Ak) =
∑
i∈I

(xi + 1)2 − xi2 +
∑
j∈J

(xj − 1)2 − xj2

=
∑
i∈I

2xi + 1 +
∑
j∈J
−2xj + 1 = n+ 2(

∑
i∈I

xi −
∑
j∈J

xj)

Therefore we just need to show that

|
∑
i∈I

xi −
∑
j∈J

xj)| <
n

2

But this is easy to show using a greedy algorithm where we start with a ran-
dom element in I and assign each element to I or J according to whichever one
produces a lower sum with only the elements used so far. It is easy to see that
at every point in this process the sum is less than n

2 . And the actual value is
less than the one we obtain from our greedy algorithm

Problem (ELMO Shortlist C3 2013) There are 20 people at a party. Each
person holds some number of coins. Every minute, each person who has at least
19 coins simultaneously gives one coin to every other person at the party. (So,
it is possible that A gives B a coin and B gives A a coin at the same time.)
Suppose that this process continues indefinitely. That is, for any positive integer
n, there exists a person who will give away coins during the nth minute. What
is the smallest number of coins that could be at the party?

The first thing to do is determine what the answer should be. The first thing
that strikes out is that if the first person has 19 coins, the second person has 18
coins, the third person has 17 coins, and so on, then when the person with 19
coins gives them away nothing will change in the sense that there will still be
someone with 19 coins, someone with 18 coins, and so on. So this is probably
going to be our solution.

The second thing is that this problem feels a lot like the above problem in
how things are getting shifted around. So lets try a monovariant approach. The
sum over x2 seems good for a couple of reasons. First if everyone has not many
coins except for someone who has at least 19, then this value will surely decrease
but if everyone has a lot it will not necessarily decrease.

he second reason why this is a good choice is that we have information about the
sum of the money and if Ak is some state and Ak+1 is the state after that then
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when we look at f(Ak+1)− f(Ak), all the x2 terms will cancel out and we will
be left with an expression involving the sum of the money. And unsurprisingly
after doing the calculation we are left with the desired result.

Solution: We claim the solution is 190. Notice if the ith person has i − 1
coins then the process will continue indefinitely. If the ith person has ai coins,
define

f(a1, a2, · · · , a20) =
∑

ai
2

We show that if the number of coins at the party is less than 190, then everytime
someone with 19 or more coins gives a coin to everyone else, this decreases the
value of f . This works because we can imagine if multiple people give money
in some step that they each do it individually.

f(a1, a2, · · · , a20)− f(a1 − 19, a2 + 1, · · · , a20 + 1)

=
∑

ai
2 − (a1 − 19)2 −

∑
i≥2

(ai + 1)2 ≥ 192 −
∑
i≥2

2ai + 1

= 19(18)− 2
∑
i≥2

ai > 0

Problem (ISL 2009 C8) For any integer n ≥ 2, we compute the integer
h(n) by applying the following procedure to its decimal representation. Let
r be the rightmost digit of n. If r = 0, then the decimal representation of
h(n) results from the decimal representation of n by removing this rightmost
digit 0. If 1 ≤ r ≤ 9 we split the decimal representation of n into a maxi-
mal right part R that solely consists of digits not less than r and into a left
part L that either is empty or ends with a digit strictly smaller than r. Then
the decimal representation of h(n) consists of the decimal representation of L,
followed by two copies of the decimal representation of R − 1. For instance,
for the number 17, 151, 345, 543, we will have L = 17, 151, R = 345, 543 and
h(n) = 17, 151, 345, 542, 345, 542. Prove that, starting with an arbitrary integer
n ≥ 2, iterated application of h produces the integer 1 after finitely many steps.

At first glance this problem screams monovariants. It seems like this problem
is the prototypical monovariant. However, upon further inspection, no clear
monovariant jumps out, this suggest trying something else out. (I believe there
are monovariant solutions to this problem but they are far from the most sim-
ple). From here it is natural to look at small cases and try to get a feeling for
how h behaves. One thing that jumps out is that zeros don’t really matter.
What I mean by this is that you notice and zeros on the right get truncated and
any zero in the middle acts as a barrier. From this you get the strong idea that
you can ”ignore” zeros. But once you realize this and work through another
example, you see that once you start ignoring zeros, ones then start to behave
as zeros. This leads to the solution
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Solution: Instead of number, view n as a sequence of one digit numbers. For a
sequence of numbers S, say S is good if we get 1 after repeatedly applying h to
it. We claim that for any non-negative integer c, the sequences a1a2, · · · , ak and
b1, b2, · · · , bn are good iff a sequence a1, a2, · · · , ak, c, b1, b2, · · · , bn and more-
over if B is good then at some point after applying h to AcB we are left with Ac.

We use induction. If 0 is the last number in the sequence, it gets deleted.
If zero, is in the middle, as long as the part of the string to the right of it is not
empty, it and everything to the left of it just gets carried over when applying h.
But since, the string to the right of the zero is good eventually it will become
empty, then the zero will get truncated and since the part to the left of it is
good, it will become one after applying h some number of times.

Now we prove the inductive hypothesis. We use proof by contradiction. Suppose
that both a1, a, · · · , ak and b1, b2, · · · , bn are good but a1, a2, · · · , an, c, · · · , b1, · · · , bk
is not. Notice if for some i bi is less than c, then a1, a2, · · · , an, c, · · · , b1, · · · , bki
must not be good, because if bi+1 · · · , bk was bad, then B would be bad. So we
may assume that A and B contain no terms less than c. Now we apply h. If
the rightmost digit, is c, then we are left A, c, b1, · · · , c− 1, A, c, b1 · · · , c− 1 So
by inductive hypothesis, A, c, b1, · · · , bk−1 must be bad. If the rightmost digit is
greater than c, then Ac, gets completely carried along as long as the part to the
right of it is not empty. Therefore, since B is good, we are eventually left with
A, c which after applying h, this leaves A which is good by inductive hypothesis,
therefore AcB is good.

We prove the other direction basically the same way. For the same reason
we may assume that both A and B contain no terms less than c. Write AcB
next to B. Then apply h to both. If we get a term less than c, we after some
time we are left with only everything to the left of it in AcB so we must be left
with everything to the left of it in B. Repeating the process we eventually reach
Ac1 from AcB so after applying h some number of times to B, we are left with
1. Similarly from this point in Ac1 we are eventually left with just A so A must
also be good.

3.4.3 Invariants

Invariants arise from the opposite motivation of mono variants. You want to
show that when you apply your algorithm, something does not change. For
example,

Problem (ISL 2009 C5) Five identical empty buckets of 2-liter capacity stand
at the vertices of a regular pentagon. Cinderella and her wicked Stepmother go
through a sequence of rounds: At the beginning of every round, the Stepmother
takes one liter of water from the nearby river and distributes it arbitrarily over
the five buckets. Then Cinderella chooses a pair of neighbouring buckets, emp-
ties them to the river and puts them back. Then the next round begins. The
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Stepmother’s goal is to make one of these buckets overflow. Cinderella’s goal is
to prevent this. Can the wicked Stepmother enforce a bucket overflow?

A good starting point on this problem is to just pay the game from the witch’s
perspective. This could let us a) find a winning strategy for the witch, or b)
help us find some bottleneck or position where the witch can’t progress from
which will hopefully nicely translate into an invariant. It is a good idea to have
cinderella pick the option that ”seems” best for now since we are just trying
to get a feel for the problem. It means it won’t directly translate into a proof
for the witch winning but will hopefully give us insight into what the witches
strategy should be. After, playing around with the problem a little, it seems as
though the which cannot really progress past the point where she has close to 1/2
liters of water in three buckets and none in the other. This leads to the solution,

Solution: We prove that Cinderella can can choose buckets in such a way, so
that at the beginning of each round, the total amount of water in all the buck-
ets is at most 3

2 and the sum of the amount of water in every two non-adjacent
buckets is at most 1. Notice from this point it is impossible for the stepmother
to make any bucket overflow. We let w(Bi) denote the amount water in bucket
Bi

WLOG assume after some round there is exactly 3
2 liters of water in the system

and the witch takes her turn. Now to maintain at most 3
2 liters of water, Cin-

derella must remove at least one liter of water. Notice this is always possible
because ∑

cyclic

w(Bi) + w(Bi+1) = 5

so for some i, w(Bi) + w(Bi+1) ≥ 1. WLOG suppose it is B1 and B2. If
w(B5)+w(B3) ≤ 1, we are done. If not, note that at least one of w(B1)+w(B5)
or w(B2) + w(B3) is greater than 1 and consider two cases

1. Both w(B1) +w(B5) ≥ 1 and w(B2) +w(B3) ≥ 1. Notice that w(B4) < 1/2.
This means that w(B1) + w(B2) + w(B4) ≤ 3

2 so one of w(B1) + w(B4) and
w(B2) + w(B4) is less than 1. Therefore Cinderella can either choose B1 and
B5 or B2 and B3 and satisfy the conditions

2. 1 is not the case. Then WLOG suppose that w(B2) + w(B3) < 1. If
w(B2) + w(B4) ≤ 1 we are done. If not, notice that w(B5) > w(B2) so
w(B4) + w(B5) > 1. And since w(B4) < 1

2

w(B1) + w(B3) ≤ 3− (w(B4) + w(B5) + w(B2) + w(B4)) < 1

so Cinderella can choose B4 and B5
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Problem On an nn board there are n2 squares, n− 1 of which are infected.
Each second, any square that is adjacent to at least two infected squares be-
comes infected. Show that at least one square always remains uninfected.

Lets first examine how this infection behaves. We first notice that once no
more squares can become infected, the infected squares form a bunch of disjoint
rectangles. If there were n infected squares along the main diagonal initially,
then the whole grid would become infected so n−1 is close to enough squares to
infect the whole board. Instead of the original way in which squares become in-
fected, let’s tweak the operation so we can more cleanly deal with the rectangle
idea. We start with n−1 squares and then we can imagine the operation is that
if two rectangles are in ”contact” then they amalgamate into a bigger rectangle
and the we repeat this process until there are no rectangles in contact. Now
perhaps we can find some invariant that stays constant when two rectangles
”combined”. The obvious first thing to check is the area. This does not seem to
lead anywhere, but let’s look at the two cases where the biggest rectangle could
be created. First, the rectangles could share a corner

And second, in one dimension, they overlap but in the other, there is a distance
of one between them.

In both cases, the sum of the length and width of the resulting rectangle will
be the same as the sum of length and width of the first rectangle plus the sum
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of the length and width of the second rectangle.

Solution: Notice that after the process completes, the infected squares will form
disjoint rectangles r1, r2, · · · , rk. We show that if there were ` squares initially
infected then ∑

length(ri) + with(ri) ≤ 2`

To see this note that the only way to rectangles can ”combine” is if they, inter-
sect, their corners meet, or they lie side by side with a distance of at most one
between them. In either case, a rectangle whose sum of length and width is less
than or equal to the sum of the length and widths of the two initial rectangles
is formed.

An invariant does not always have to be a number, although sometimes it
can be, but rather the idea that some things are staying constant. For example

Problem (ISL 2001 C7) A pile of n pebbles is placed in a vertical column.
This configuration is modified according to the following rules. A pebble can be
moved if it is at the top of a column which contains at least two more pebbles
than the column immediately to its right. (If there are no pebbles to the right,
think of this as a column with 0 pebbles.) At each stage, choose a pebble from
among those that can be moved (if there are any) and place it at the top of the
column to its right. If no pebbles can be moved, the configuration is called a
final configuration. For each n, show that, no matter what choices are made at
each stage, the final configuration obtained is unique. Describe that configura-
tion in terms of n.

The first thing that strikes out is that the condition of needing two more peb-
bles just insures that the height of the columns will always be non-increasing
left to right. Now let’s figure out what this final configuration looks like. It’s
going to be a configuration where every column has height equal to or one plus
the height of the column to its right. It seems like it should probably be the
configuration where all or all but one of the columns are taller than the col-
umn to their right because this is the simplest and it seems like stuff would
have to go weird to get a bunch of columns of the same height. Let’s try a cou-
ple small cases just to verify through. Indeed the 3, 4 and 5 case all support this.

Now we have to prove this. Let try to knock out the most egregious case where
there are more than two columns in a row of equal height. Indeed it is easy
to prove that this can never be the case by considering the first time this occurs.

We still have to deal with there being more than one pair of columns of equal
height. The obvious first idea of proving that no more than one pair of columns
of equal height can ever occur at any point in our process is clearly flawed and
we can easily find a counterexample. For (counter)example, we can put a bunch

72



of rocks into two columns of equal height, then move a rock from the rightmost
column to create a column of height one and then move another rock over to
make another column of height one and repair the now third column from the
right. But one thing from this example strikes out and that is it does not seem
possible to construct two columns of equal height h and another pair of columns
of both with height h− 1. So perhaps this is the key. We can make more than
one pair of columns of equal height but it is impossible to retain this position
because to create this we have to make things really uneven that need to at
some time be ”resolved”. So maybe we can prove the following claim: at no
point in the process is there two pairs of columns of equal height and all the
columns in between these pairs are all strictly decreasing by 1. In other words
we can never get something like the following configuration during our process.

And actually this turns out to be fairly easy to prove by considering the first
time something like this appears. (Always remember, once you think you have
a good idea just logic bash until you get a contradiction)

Solution: Lemma 1: At each stage, the height of the columns is non-increasing
left to right.
proof Because of the fact that a column has to have height two greater to have
rock moved.

Lemma 2: There is no point in the process where there are three consecu-
tive columns of equal height.
proof Suppose there was. Call these columns c1, c2, c3 from left to right respec-
tively. Consider the configuration just before the first time three consecutive
columns of equal height appears. In this configuration, there must be either
more rocks in c2 or c3 or less rocks in c1 or c2. Either way this contradicts
lemma 1.

We claim that the final configuration will always be the unique configuration
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where each column has height equal to or one minus the height of the column
directly to its left and there are at most one pair consecutive columns that have
the same height. By our lemmas and assumption, we know that the final con-
figuration will be a non-increasing sequence of columns where the each column
has height at most one more than the column directly to its right.

Suppose that the final configuration has two or greater pairs of adjacent columns
of equal height. Consider the first time where two pairs of adjacent columns of
equal height c1, c2 and d1, d2, with d1 to the right of c2 and where the column
sizes are decreasing by exactly one for each pair of adjacent columns between
c2 and d1. The stage just before this can be obtained by moving a rock to the
column directly to its left. If is moving c2 to c1 or d2 to d1 this contradicts
lemma 1. If it involved moving a rock from a column to the left of c2 or moving
a rock from a column to the right of d2, then this configuration would have the
property that there would be two pairs of adjacent columns of equal height a1, a2
and b1, b2, with b1 to the right of a2 and where the column sizes are decreasing
by exactly one for each pair of adjacent columns between a2 and b1. Similarly,
if it involved moving a rock between c2 and d1, we would either contract lemma
1, condtradict lemma 2, or be left with two pairs of adjacent columns of equal
height a1, a2 and b1, b2, with b1 to the right of a2 and where the column sizes
are decreasing by exactly one for each pair of adjacent columns between a2 and
b1.

Problem (ISL 2010 C6) Given a positive integer k and other two integers
b > w > 1. There are two strings of pearls, a string of b black pearls and a string
of w white pearls. The length of a string is the number of pearls on it. One
cuts these strings in some steps by the following rules. In each step:

(i) The strings are ordered by their lengths in a non-increasing order. If there
are some strings of equal lengths, then the white ones precede the black ones.
Then k first ones (if they consist of more than one pearl) are chosen; if there
are less than k strings longer than 1, then one chooses all of them. (ii) Next,
one cuts each chosen string into two parts differing in length by at most one.
(For instance, if there are strings of 5, 4, 4, 2 black pearls, strings of 8, 4, 3 white
pearls and k = 4, then the strings of 8 white, 5 black, 4 white and 4 black pearls
are cut into the parts (4, 4), (3, 2), (2, 2) and (2, 2) respectively.) The process
stops immediately after the step when a first isolated white pearl appears.

Prove that at this stage, there will still exist a string of at least two black
pearls.

This is an interesting claim and one that seems like it probably should be true
but there are not obvious reasons of why it true. Let’s get a feel for the problem
by considering the extreme cases. If k is really big and everything gets cut in
every step then the first isolated white pearl will appear after blog2(w)c steps
and the last single black pearl to be isolated will occur after dlog2(b)e steps so
this coincides with the claim. If k = 1, then at some point a black string of
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length 2 will appear and all white strings of length greater than one must be cut
before the black string of length two is produced. This is interesting because
for both extremes, the claim was true but for seemingly quite different reasons.
This suggest that perhaps the proof the the general case will be some amalgam
of these two extreme cases.

Solution. First some notation. Let wi and bi be the number of white and
black strings respectively at the beginning of the ith step. Let Li(w), Li(b),
Si(w) and Si(b) be the longest white string, the longest black string, the short-
est white string and the longest black string respectively after the ith step.

Lemma 1. If k ≥ 2wi, then all strings are cut in step i.

proof Suppose not. Then let j be the first number, s.t. in step j not every
string is cut. Since, j is the first, bj = wj . But, wi ≥ wj so k ≥ bj + wj which
contradicts the assumption that not every string was cut in step j.

Now some cases:

1. At every step, before the the first bead of length one is produced, every string
gets cut. Then, it is easy to see by induction Si(w) ≤ Si(b) and Si(w) < Li(b).
So the first time some strings of length one are produced, some of them will be
white and there will be at least one string of black beads of length greater than 1.

2. 1 is not the case. Then consider the first step i in which a black bead
of length one is produced. Notice that not every black string is of length one at
the end of step i because if that was the case every single string must have been
cut. If a white string of length one is produced we are done, if not we break
into two subcases

2.1. In step i, every white string is cut. Then, wi+1 = 2wi, so by the lemma
k < wi+1. Now, there are some black strings of length greater than or equal
to two, and before all these strings are cut, a black string of length exactly two
must be produced. But, if when this is produced there are no white strings of
length one, it must be in position > k and therefore cannot be cut until there
is at least one white string of length 1.

2.2 In step i, there is some white string not cut. Then this string must be
of length two and every black string cut in this step must have had length
greater than or equal to three. So, at this point some black string of length
two must be in position greater than k. Then, this string cannot move up in
position until a string of length two is cut. But if a string of length two is cut,
a white string of length two must be cut and therefore produce a white string
of length one.

Problem (ISL 2006 C4) A cake has the form of an n x n square composed
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of unit squares. Strawberries lie on some of the unit squares so that each row
or column contains exactly one strawberry; call this arrangement A. Let B be
another such arrangement. Suppose that every grid rectangle with one vertex
at the top left corner of the cake contains no fewer strawberries of arrangement
B than of arrangement A. Prove that arrangement B can be obtained from A
by performing a number of switches, defined as follows: A switch consists in
selecting a grid rectangle with only two strawberries, situated at its top right
corner and bottom left corner, and moving these two strawberries to the other
two corners of that rectangle.

We use the following algorithm to obtain B from A using the allowed switches.
For each column label the squares in the column in ascending order. Define the
target of a column i = t(i) to be the square in column i where the strawberry in
placed in B and s(i) to be equal to the square where the strawberry in placed
in A. Start with index i = 1. Perform a sequence of switches only involving
strawberries in columns in or to the right of column i to move the strawberry
at or above its target while keeping all strawberries in column greater than i
above their targets. Decrease i by one and repeat until i = 0 At this point
every strawberry will be at or above its target and since there is exactly one
strawberry in every row, every strawberry must be at its target.

Now we show that if at some point our algorithm fails, we can find a grid
rectangle with one vertex at the top left corner of the cake containing fewer
strawberries of arrangement B than of arrangement A. Notice our algorithm
will work in some step i, if there is a sequence of numbers j1, j2, · · · , jk with
for j` > i for ` ≤ k, s(i) ≥ t(j1), t(j`) ≥ s(j`+1) ≥ s(j`) ≥ t(j`+1) for ` < k
and s(jk) ≤ t(i). So if our algorithm fails in step i, we can find some square
t(i) ≤ k < s(i), s.t. for each j > i, either t(j) ≤ k or s(j) > k. Consider the
grid rectangle r with its lower right vertex in column i square k. Notice that
the number of strawberries in r in B is k− 1 minus the number of targets at or
above k in columns to the right of column i which, by assumption, is equal to
k − 1 minus the number of strawberries at or above k in columns to the right
of j. But, since the strawberry in column i in A is at or above square k and no
switches performed in steps before step i changed the number of strawberries in
r, the number of strawberries in r in A is k minus the number of strawberries
at or above k in columns to the right of j.

Remark The problem is a little ambiguous. I’m not sure if ”A switch con-
sists of selecting a grid rectangle with only two strawberries” means there can’t
be any strawberries in the interior of the rectangle. If this is the case a simple
inductive argument on the number of strawberries in the interior shows that
you can still perform a sequence of switches so that you can switch the places
of the strawberries in the corners of any rectangle while keeping everything else
in the same place.

Problem (TSTST 2014 Problem 1 Day 1) Let ← denote the left arrow key
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on a standard keyboard. If one opens a text editor and types the keys ”ab← cd
←← e ←← f”, the result is ”faecdb”. We say that a string B is reachable from
a string A if it is possible to insert some amount of ←’s in A, such that typing
the resulting characters produces B. So, our example shows that ”faecdb” is
reachable from ”abcdef”.

Prove that for any two strings A and B, A is reachable from B if and only
if B is reachable from A.

Let’s imagine the string as A = 1, 2 · · · , n because that will make things easier
to track. Lets try to understand what strings can be obtained from another.
The first thing we notice is that a+ k cannot appear more than k spaces to the
right of a in the obtained string. But the condition is much stronger than that
because if say a + k did appear exactly k spaces to the right of a, then there
can’t be any left arrows between a and a+ k. Another thing to notice is that if
you use an arrow, then you will never be able to get in front of the number you
move behind. So everytime you use an arrow you are essentially, locking in an
element to the end of the sequence.

This helps us rephrase the question without arrows. One by one enumerate
out the elements of A into some other string say S, then at any point we may
take the tail end of S and add it to the beginning of B (This corresponds to
using arrows). Now let’s use this way of thinking about the process to try and
recover A from B.

The nice thing is that we don’t have to create an algorithm because it is basi-
cally determined for us. We just need to keep enumerating elements into S until
we get n and then we have to add n to B (In this step we also have to add n−1
if it is right behind n, n− 2 if it is right behind n− 1 and so on). Then we do
this again but we are looking for the biggest element that is not in B and just
keep repeating and we want to show that at the end we will have B = 1, 2 · · · , n.

Now we just need to think about what could go wrong. Well, if we ever have
that some number in S is smaller than the number right behind it, then our
algorithm will fail because these numbers will be out of order in B. And it is not
hard to realize this is in fact an only if because if S is always strictly increasing
then we can always find the biggest element not in B and put it directly in
B. So we just need to show that at every point in the process, S is strictly
increasing. This turns out to be a fairly straightforward logic bash where we
just examine how we obtained B from A.

Solution: First some definitions. Define the k−end of a String S = s1s2, · · · , sn
to be sn−k+1 · · · sn, and define the front-smash of a string S on T to be the
string ST . Now, we can rephrase the problem. Choose a number n. Start with
S and T being empty. For i ≤ n, add i to the end of S, then choose a k and
remove the k−end of S and frontsmash it with T where we chose k to be |S|
in the final step. Then, T is the resulting string from the original string 12, · · ·n.
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Now for any T obtained in this way, we use the following algorithm to recover
12, · · · , n using the same process. Start with A and U empty. In the ith step,
add the ith element of T to A and find (if there exists) the largest number k so
that a|A|−i = n− |U | − i for each 0 ≤ i ≤ k and remove the k+ 1 end of A from
A and front smash it with U . We prove that in every step, the elements of A
are strictly increasing and U = n − |U | + 1, n − |U | + 2, · · · , n To see that the
elements of A are strictly increasing we use induction. Suppose in the ith step
such an index k exists. In particular this means that ai = n− |U |. This means
that when we transformed 12, · · ·n into T , in the step where n− |U | got added
to S, we added some elements to T because if not, then there would be a bigger
number than n− |U | that would appear after n− |U | in T but we know that U
only consists of numbers greater than n−|U | and all those elements were before
n− |U | in T .

Also notice that each element of A that was added since the last time something
got added to U was all added to T in the step where n − |U | got added to T
because then there would be something bigger than n−|U | that we did not add
to U , but U contains everything that is bigger than n− |U |.

Therefore everything that was in A right after the previous time some elements
were added to U , was in S when n − |U | got added to S. But then since S
was always strictly increasing, in this step, we only added elements that were
strictly greater than than each element that was in A right after the last time
some elements were added to U . Therefore, the elements of A are strictly in-
creasing. So this algorithm works and we end up with U = 12 · · ·n

Problem (TSTST 2012 Problem 3 Day 3) Given a set S of n variables, a
binary operation × on S is called simple if it satisfies (x× y)× z = x× (y × z)
for all x, y, z ∈ S and x × y ∈ {x, y} for all x, y ∈ S. Given a simple operation
× on S, any string of elements in S can be reduced to a single element, such as
xyz → x × (y × z). A string of variables in S is called full if it contains each
variable in S at least once, and two strings are equivalent if they evaluate to the
same variable regardless of which simple × is chosen. For example xxx, xx, and
x are equivalent, but these are only full if n = 1. Suppose T is a set of strings
such that any full string is equivalent to exactly one element of T . Determine
the number of elements of T .

This is an interesting question, it is asking how many different classes of strings
there are where each class contains strings that evaluate to the same thing no
matter which simple binary operation we use. One thing that immediately
strikes out is that if there is ever some repetition in a string we can immedi-
ately remove the repetition. For example abcbc is just abc. The condition of
equivalence seems pretty strict so perhaps this is the only way two strings can
be equivalent. Hopefully this is not the case though, this seems fairly hard to
count, it is not even obvious that there are a finite number of such classes.
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Let’s turn our attention and really examine how different strings might be equiv-
alent or not equivalent. Say string S evaluates to A but string T evaluates to b.
What must be the case? Let’s start by picking some a in S and following that
a (i.e. take that a multiply it by an adjacent element in S and repeat). One
thing we notice is that if we get to a point where a falls to some other element c
(i.e. say ca = c), then there must be an a on the other side of c that comes and
defeats it (i.e. ac = a). In particular, this means that for any element c that
is to the left of every a in S, we hae ca = a and similarly for elements to the
left of all a’s. Additionally it also means that for any c, at least one of ac = a
or ca = a must hold. But we have that T does not evaluate to a. But the only
way this can happen is if there was a b in T that is to the right of every a in
T but there was no b in S that was to the right of every a in S or analogously
for left. This suggests that two strings are equivalent iff for any element a, the
set of all elements to the left of every a in S is the same as in T and similarly
for the left. Indeed this is not difficult to prove and we can easily see then that
there are (n!)2 equivalence classes.

Solution : We claim the answer is (n!)2. .

To prove this we claim that two strings S and T are equivalent iff for any
s, the set of all elements to the right of every instance of s in S is the same as
the set of all elements to the right of every instance of s in T and the set of
all elements to the left of every instance of s in T is the same as the set of all
elements to the left of every instance of s in T. Before proving this we establish
the following lemma,

Lemma: If S evaluates to a, then for every b ∈ S, either ab = a or ba = a
(or both).

proof Suppose not, then we may write S as S1bS2 for some strings S1 and
S2. Then this is just equal to cbd and if c = a, then this is just equal to ba 6= a
and similarly if d = a.

Now we prove the if direction of the above claim. Suppose there exists a coun-
terexample for strings S and T . WLOG suppose that there is a b to the right
of every instance of a in S but not in T . Then consider the binary operation
defined by, ac = ca = a if c 6= b, bc = cb = b if c 6= a and for all other instances
cd = d. It is easy to check that this is associative, and under this operation S
evaluates to b but T evaluates to a.

Now we prove the other direction. By our lemma if S evaluates to a under
X, then S evaluates to the same variable as the string S1aS2 where S2 is the
string of everything to the left of all instances of a in S and S2 is the string
of everything to the right of every instance of a in S. Notice we must have
sa = a for s ∈ S1 and as = a for every s ∈ S2. But then we get T = T1aT2
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where T1 and T2 are defined analogously to S1 and S2. But then since the set
of everything in T1 is the same as the set of everything in S1 and similarly for
T2 and S2, we get that T must evaluate to a.

And notice that if there is a b to the right of every instance of a in some
string S and there is a c to the right of every instance of b, then there is a c
to the right of every instance of a. So this means that the equivalence classes
are just defined by the order of each element from the right of a string and the
order of every element from the left of a string. And for any order we can easily
construct such a string, therefore the desired quantity is (n!)2.

3.5 Bijections

Bijections are usually the best strategy for problems that ask you to count things
but they can also be valuable in other places. it is always extremely satisfying
when you come up with a clever bijection that kills a problem. When creating
bijections, the best thing to look for is similar structure. If two elements in one
set behave similarly, the elements they get mapped to should behave similarly.
Also, be aware of ways to morph multiple objects of one element together to
resemble elements of the other set.

Problem (ISL 2002 C3) Let n be a positive integer. A sequence of n posi-
tive integers (not necessarily distinct) is called full if it satisfies the following
condition: for each positive integer k, if the number k appears in the sequence
then so does the number k−1, and moreover the first occurrence of k−1 comes
before the last occurrence of k. For each n, how many full sequences are there?

Solution: We claim the answer is n!. To show this, we create a bijection of
full sequences with permutations on n elements. Consider a permutation σ. We
create the full sequence x1, x2 · · · , xn by xσ(1) = 1 and for each i > 1,

xσ(i) =

{
xσ(i−1) if σ(i) < σ(i− 1)

xσ(i−1) + 1 if σ(i) > σ(i− 1)

Problem (IMO 2016 Day 2 Problem 2) Let n and k be positive integers with
k ≥ n and k − n an even number. Let 2n lamps labelled 1, 2, ..., 2n be given,
each of which can be either on or off. Initially all the lamps are off. We consider
sequences of steps: at each step one of the lamps is switched (from on to off or
from off to on).

Let N be the number of such sequences consisting of k steps and resulting
in the state where lamps 1 through n are all on, and lamps n + 1 through 2n
are all off.

Let M be number of such sequences consisting of k steps, resulting in the
state where lamps 1 through n are all on, and lamps n + 1 through 2n are all
off, but where none of the lamps n+ 1 through 2n is ever switched on.
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Determine N
M .

Solution: Define sequences consisting of k steps and resulting in the state where
lamps 1 through n are all on, and lamps n+1 through 2n are all off, as sequences
of type 1 and sequences consisting of k steps, resulting in the state where lamps
1 through n are all on, and lamps n+ 1 through 2n are all off, but where none
of the lamps n + 1 through 2n is ever switched on, as sequences of type 2 (all
sequences of type 2 are also sequences of type 1 but this doesn’t matter). We
can create a function f mapping sequences of type 1 to sequences of type 2 by

f(x1, x2, · · ·xk) = x1, x2, · · ·xk(mod n)

But notice that for any sequence S = s1, s2 · · · sk of type 2, we can construct a
sequence T = t1, t2, · · · tk of type 1, s.t. f(T ) = S by going through each term
in S and creating the corresponding term in T . If we have si = ` and ∃j > i
s.t. sj = `, then we can choose ti to be either ` or ` + n. However if si is the
last term in the sequence that is equal to `, there is only one choice of ti that
will make sure when we are finished, lamp ` will be on and lamp ` + n will be
off. Therefore, we have two choices for ti except in exactly n instances so the
solution is

2
k
n

Problem (ELMO Shortlist C7 2011) The game of circulate is played with a
deck of kn cards each with a number in 1, 2, . . . , n such that there are k cards
with each number. First, n piles numbered 1, 2, . . . , n of k cards each are dealt
out face down. The player then flips over a card from pile 1, places that card
face up at the bottom of the pile, then next flips over a card from the pile whose
number matches the number on the card just flipped. The player repeats this
until he reaches a pile in which every card has already been flipped and wins
if at that point every card has been flipped. Hamster has grown tired of losing
every time, so he decides to cheat. He looks at the piles beforehand and rear-
ranges the k cards in each pile as he pleases. When can Hamster perform this
procedure such that he will win the game?

The first thing to think about is how hamster could lose. It is easy to see
that this can only happen if hamster flips over all the cards with ones on them
before they have flipped over the other cards. This is because there are only as
many cards in each pile as the number of cards with that number on them and
the only card that gets flipped up without a card of that pile on it is the first
card from the first pile. So we do not want to be flipping cards from the first
pile. This suggests we should start with the heuristic of putting all ones at the
bottom of each pile. But the this means that we also don’t want to be flipping
cards from piles that contain ones so we should put cards from piles with ones
on them on the bottom of piles. Maybe we can iterate this procedure so that
we end up putting each pile in different ”tiers”.

Another thing to be thinking about is what configurations can hamster never
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win on (This is the problem after all). The obvious example is if all the cards
in the first pile have a one on them. But also if any pile only has cards from
that pile in it, then hamster will never be able to get to that pile. And even
more generally, if there is some proper subset of piles that only contains cards
from that subset, then hamster will never be able to reach any piles from any of
these subsets. And sure enough this completely agrees with our ”tiering” idea
and we see that we can only put cards in tiers if there is no such subset.

Solution: We claim that hamster will win iff there is some proper subset
S ⊂ {1, 2, · · · , n} s.t. if i ∈ S, then all the cards in pile i have a number
in S written on them.

First we observe that the only way hamster will lose is if a card with one gets
flipped up after all the cards in pile one are already flipped over. And this can
only happen if all the cards with a one on them get flipped up.

Now we put the numbers from one to n into tiers using the following algo-
rithm. One is in tier one. Then starting with index i = 1, in the ith step, add
number j to the i+ 1th tier if pile j is not already in a tier and pile j contains
a card with i on it.

Then if pile k is in tier i, put all cards in tier i − 1 at the bottom of the
deck and order the other cards randomly. Then notice that if each number gets
put into a tier, then for any i > 1, all the cards in all piles in tier i can only
all be flipped over after all the cards in all the piles in tier i + 1 are flipped
over. Therefore, if all numbers get put into tiers, then hamster will win. But
also notice that all numbers getting put into liters is equivalent to the negation
of the criterion that there is some proper subset S ⊂ {1, 2, · · · , n} s.t. if i ∈ S,
then all the cards in pile i have a number in S written on them.

3.6 Find All...

A classic type of problem will ask you to find all objects satisfying some con-
straints. These problems don’t just appear in combinatorics. For example, in
algebra functional equations ask you to find all functions satisfying an equation
and sometimes there are non-intuitive solutions to these equations. But the
solutions to ”find all...” combinatorics problems usually are just the intuitive
solutions. Because of this, with a little investigative work or even just an up-
front huch, it is possible to find solutions that ”makes sense” and, at least in my
experience, these are usually the only solutions. So from this point it is often
right to just go straight into proving that these are in fact the only solutions.
The easiest way to do this (though not always the most elegant) is proof by
contradiction. For example,
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3.7 Global Combinatorics

Global combinatorics problems are ones where a system is introduced and you
need to show that there is some property of the entire thing that is derived
from the sum of all the parts. The most important thing to remember in global
combinatorics problems is that looking at local structure usually won’t get you
anywhere because the property is derived from everything coming together in
some way. For example,

Problem Suppose that a rectangle is cut into finitely many smaller rectan-
gles, with sides parallel to the larger rectangle’s sides. Suppose also that each
smaller rectangle has at least one side of integer length. Prove that the larger
rectangle has at least one side of integer length

Solution: Start by labeling each rectangle H or V according to whether the
rectangle’s integer side is horizontal or vertical (If both sides are of integer
length label randomly). Now, use the following algorithm. Start at the vertex
of the rectangle in the top right hand corner of the larger rectangle. Now, if
the rectangle is labeled H, travel to the other vertex of the rectangle along the
rectangle’s horizontal side but if it is labeled V , travel along the vertical edge.
If you are at a corner stop, otherwise, there are either two or four rectangles,
having vertices at the point you are at. If the former is the case, move to that
vertex. If the latter is the case, move to the vertex of the rectangle, opposite
from the vertex that you are at. Repeat this process. Notice that there cannot
be any infinite loops because you can never return to vertex you were already
at. (This is an easy exercise in proof by contradiction) Therefore you will even-
tually reach a different corner than the one you started with. Notice that you
have traveled the distance of one of the side lengths of the rectangle and you
have only moved in integer lengths, therefore one of the sides of the rectangle
is an integer.

3.8 Lines and Points

These are the type of problems where you will be asked a question about a
bunch of random lines in the plane (usually no three will be concurent). It is a
very general configuration so there is not much local structure you can rely on.
We do have the following theorem which is very useful though

Theorem Suppose n lines divide the plane into regions. It is possible to color
these regions with two colors so that no two regions that share a border are the
same color.

proof We use induction on the number of lines. Take an arbitrary line a consider
the coloring of of the regions without that line. Now, color the regions on one
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side of the line the exact same as in the origonal coloring and color the regions
on the other side of the line the exact oppisite of their origonal coloring.

Problem (EGMO 2017) Suppose there are 2017 lines in the plane, no three
of which are concurrent. Turbo the snail starts on one of these lines and moves
in one dirrection until she reaches the intersection with another line. She then
moves to that line and goes either left or right. She continues on that line and
the next time she reaches an intersection she goes the oppisite of the dirrection
she went the first time. She continues in this manner alternating left and right.
Is it possible she will travel in oppisite dirrections on the same line?

Solution: No.

Lemma: Suppose Turbo starts on some segment s of line ` heading twords
the intersection point i and WLOG is going to turn left. Call each of the line
segment or rayrl on ` that is seperated by intersection points good if it is an
even distance away from s . Additionally, alternativly color the segments on
lines not on s in the same manner so that any segment immedeatly to the left
on an intersection of ` is good if the intersection point is an even distance from
i and bad otherwise. Then Turbo will only travel on good segments/rays.

proof We use induction. Suppose Trubo is traveling on sement s3 of line `3
and the last two line turbo has traveled on are `2 and `1 respectivly. And let i3
and i1 be the intersection points of `1 and ` and `3 and ` repectivly. Then taken
mod two, the number of intersection point between s3 and ` is one plus the
number of intersection point between `1 and ` plus the number of intersection
points between i1 and i3. So, since `1 is good, so is `3.

Problem (Balken MO 2004 4) The plane is partitioned into regions by a fi-
nite number of lines no three of which are concurrent. Two regions are called
”neighbors” if the intersection of their boundaries is a segment, or half-line or
a line (a point is not a segment). An integer is to be assigned to each region in
such a way that:

i) the product of the integers assigned to any two neighbors is less than their
sum; ii) for each of the given lines, and each of the half-planes determined by
it, the sum of the integers, assigned to all of the regions lying on this half-plane
equal to zero.

Prove that this is possible if and only if not all of the lines are parallel.

Solution: → Suppose that not all lines are parallel. Number the regions and
color them black and white so that no two adjacent regions are the same color.
Let ri be the number of vertcies region i has. Then we can label a region i with
ri if it is white and −ri if it is black. Property i) is obviously satisfied. To see
that property ii) is satisfied take some arbirtary line `. Then take an abitrary
vertex v. If v on line `, then it contributes a total of zero to the two regions it
is a vertex of on either side of `. Similarly if v is not on ` it contributes a total
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of 0 to the four regions it is touching. So seeing as the sum of the lables of the
regions is just the sum of parts each vertex contibutes to, we see the total of all
labels on either side of ` is 0.

← Suppose all the lines are paralell and there is an adequate labeling. Take an
arbitrary region r.Suppose r has two lines making its boundry. Looking at ii),
If we divide the plane by its left line, we get the same sum in the left regions as
if we divide it by the right line. Therefore the label of r must be 0. Similary, if
r only has one line as its boundry, Then dividing the plane by that boundry we
see that the label of r must be 0. Therefore all regions must be labled with 0 but
this contradicts i). Problem (IMO 2016 Day 1 Problem 2) Find all integers n
for which each cell of n× n table can be filled with one of the letters I,M and
O in such a way that: in each row and each column, one third of the entries are
I, one third are M and one third are O; and in any diagonal, if the number of
entries on the diagonal is a multiple of three, then one third of the entries are I,
one third are M and one third are O. Note. The rows and columns of an n× n
table are each labelled 1 to n in a natural order. Thus each cell corresponds to
a pair of positive integer (i, j) with 1 ≤ i, j ≤ n. For n > 1, the table has 4n−2
diagonals of two types. A diagonal of first type consists all cells (i, j) for which
i + j is a constant, and the diagonal of this second type consists all cells (i, j)
for which i− j is constant.

Solution: We claim the answer is all n s.t. 9|n.

First we show that no other numbers work. First note that there must be
the same number of each letter so 3|n. This means we can divide the the table
into 3x3 grids. In each of these grids we define the middle square to be ”Great”,
corners to be ”Good” and the other squares to be ”Bad”. Define the score of
each letter L to be the

number of columns containing L+ number of rows containing L

+number of diagonals divisible by 3 containing L

Clearly each letter has the same score. Notice that a great square contributes
to the score by 4, good squares contribute by 3, and bad squares contribute
by 2. Now, if nine does not divide n, then each letter can’t occupy the same
number of great squares. WLOG suppose there are k > 0 more great squares
containing I than great squares containing M. Now, suppose in some row there
are i great squares containing I and j great squares containing M , then there
are i− j more bad squares in that row containing M . We can do the same for
columns. This means there are 2k more bad squares containing M than bad
squares containing I. So there are k more good squares containing I than good
squares containing M . But this means the score of I is greater than the score
of M .
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Now we just show that 9|n works. Just consider repetitions of the 3x9 table

I M O

I M O

I M O

M O I

M O I

M O I

O I M

O I M

O I M

Problem (USA TST 2018 Problem 4) Let n be a positive integer and let
S ⊆ {0, 1}n be a set of binary strings of length n. Given an odd number
x1, . . . , x2k+1 ∈ S of binary strings (not necessarily distinct), their majority is
defined as the binary string y ∈ {0, 1}n for which the ith bit of y is the most
common bit among the ith bits of x1, . . . , x2k+1. (For example, if n = 4 the
majority of 0000, 0000, 1101, 1100, 0101 is 0100.)

Suppose that for some positive integer k, S has the property Pk that the
majority of any 2k + 1 binary strings in S (possibly with repetition) is also in
S. Prove that S has the same property Pk for all positive integers k.

This is kind of weirdly worded and the first thing to realise is that what you are
really trying to prove is that if the majority of some 2k + 1 strings is S, then
you can build the same string by taking the majori We will show that if some
element is the majority of 2k + 1 elements of S then, it is the majority of both
a 2k − 1 subset of elements of S and a 4k + 1 element subset of S. This will
imply our claim.

For the 4k+1 element subset just note that the majority of the strings x1, x2, · · · , x2k+1

is the same as the majority of the strings x1, x1, x2, · · · , x2k, x2k, x2k+1.

Finally, we show that the majority of 2k + 1 element subset of S is the ma-
jority of a 2k − 1 element subset of S. Let X = X1, X2, · · · , X2k+1 be a 2k + 1
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element subset of S and WLOG suppose M(X) = 1, 1, · · · , 1 where M(X)
is the majority of X. Interpret the strings as subsets of {1, 2, · · · , n} where
i ∈ x1, x2, · · · , xn iff xi = 1. So we can use set operations on the strings. For
example,

X ∪ Y = max{x1, y1},max{x2, y2}, · · · ,max{xn, yn}

and
X ∩ Y = min{x1, y1},min{x2, y2}, · · · ,min{xn, yn}

Notice that X1 ∪X2, · · · ∪ S2k+1 = (1, 1, · · · , 1). Then we see that

M(X3, X4, · · · , X2k+1) ⊃ (X1 ∩X2)c

so
M(X1

k−1, X2
k−1, (M(X3, X4, · · · , X2k+1)) ⊃ (X1 ∪X2)

Therefore, by repeated application of this process, we end up with 1, 1, · · · , 1

Problem (APMO 2004 Problem 3) Let a set S of 2004 points in the plane
be given, no three of which are collinear. Let L denote the set of all lines (ex-
tended indefinitely in both directions) determined by pairs of points from the
set. Show that it is possible to colour the points of S with at most two colours,
such that for any points p, q of S, the number of lines in L which separate p
from q is odd if and only if p and q have the same colour.

Note: A line ` separates two points p and q if p and q lie on opposite sides
of ` with neither point on `.

This is a claim that is not entirely obvious so lets start to get a feel for this
problem by imagining the simplest possible configuration, where the points are
vertices of a regular 2004-gon. In this configuration we just alternate the color-
ing of points. But one interesting thing to note is that we see that the above
claim is not true for odd numbers. If we consider the number of points odd in a
regular n-gon, then each two consecutive points must be colored differently but
also points a distance of two apart also have an even number of lines passing
between them so they are also different colors. But this is clearly impossible. So
being even is important. One immediate though that seems promising, is that
we notice every line passing through two points, splits the rest of the points in
half. So we could try starting out with all the points the same color, then for
every one if these lines we could change the color of all points on one side of
the line. But after a little more thought this is actually a dead end because,
if we take two arbitrary points A and B, then for any point C we don’t know
if B was on the side of AC that got its color changed. In hindsight, it is not
surprising that this was not an effective strategy. After all it doesn’t seem like
”We” need to find a way to color the points, it is kind of determined how they
must be colored. For example, if we take an arbitrary point and color it some
color, then the color of all other points is determined by the color of that point.
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So instead of finding ways to color the points, we should just color the points
based off the initial point and then prove that everything works out. This ends
up taking a little care but is overall not too difficult.

Solution: Start by coloring an arbitrary point p a color, Then for every other
point q, if p and q have an odd number of lines between them, color q the same
as p otherwise color q the opposite of p. Now we show that the property in the
problem holds. Pick two arbitrary points q and t which are not p. Call a line
normal if it does not pass through any of p q or t. Notice that each normal
line passes through exactly two of the line segments pq, pt and qt. Also notice
that if A is a point inside the triangle pqt, then pA passes through segment qt,
qA passes through segment pt and tA passes through segment pq. But if A is
outside of triangle pqt, then exactly one of the following holds:
pA passes through segment qt, qA passes through segment pt or tA passes
through segment pq. Given this we obtain the following equality

Lines passing through qt

= (Lines passing through pt) + (Lines passing through pq)

−2(Normal Lines passing through both pq and pt)+

−(Abnormal lines passing through pq)− (Abnormal lines passing through pt)

+(Abnormal lines passing through qt)

And using the above claim and taking mod 2 yields

(Lines passing through qt)

≡ (Lines passing through pt) + (Lines passing through pq) + |S| − 3

≡ (Lines passing through pt) + (Lines passing through pq) + 1(mod 2)

Therefore if p and q are different colors and p and t are different colors, then
there are an odd number of lines passing through segment qt and q and t are
different colors. But if p and q are different colors and p and t are the same color
(or visa versa) then there are an even number of lines passing through segment
qt and q and t are opposite colors.

Often when you are solving a global combinatorics problem, you will want to
sum up all the values corresponding to different objects. Sometimes though
your counting technique may count some of these things more than once. A
good strategy is to just assign a value according to the most amount of times
something will get counted possible. For example,
Problem (USAMO 2000 problem 3) A game of solitaire is played with R red
cards, W white cards, and B blue cards. A player plays all the cards one at a
time. With each play he accumulates a penalty. If he plays a blue card, then he
is charged a penalty which is the number of white cards still in his hand. If he
plays a white card, then he is charged a penalty which is twice the number of red
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cards still in his hand. If he plays a red card, then he is charged a penalty which
is three times the number of blue cards still in his hand. Find, as a function of
R,W, and B, the minimal total penalty a player can amass and all the ways in
which this minimum can be achieved.

Solution: We show that the solution is

max{WB, 2RW, 3BR}

We first show any order of cards will produce at least this score. Consider
picking a random red card, a random blue card, and a random white card.
Notice at least one of the following must be the case: The blue card is played
before the white card, the white card was played before the red card, or the
red card was played before the blue card. So for any red card r blue card b
and white card w let f(r, b, w) map to two cards that score off each other. Also
notice that for any set of two card of different colors {a, b} if we let C be the
number of cards with the third color that

|f−1({a, b})| ≤ C

Therefore we define

h({r, w, b} =



1
B if f(r, w, b) = {r, w}

2
R iff(r, w, b) = {w, b}

3
W bif f(r, w, b) = {b, r}

and let F (B) = 1, F (R) = 2 and F (W ) = 3 Then notice that if a, b, c is a

permutation of B,W,R, with the same cycle type then F (a)
a ≤ F (b)

b iff F (a)bc ≤
F (b)ac. Therefore,

max{WB, 2RW, 3BR} ≤
∑

h(r, w, b) ≤ Penalty

We can easily construct such a score. If max{WB, 2RW, 3BR} = F (c)ab, then
we can play all the a cards then all the b cards and then all the c cards.

To find all such ways, we first note that an b must be followed by either and
b or a a or else we could exchange the order and get a strictly lower pentalty
and similarly for a’s and c’s. Also, if we put all cards on a circle in the order
that we played them in, then each color would all be in one chunk. To see
this notice that if it were not say there were two chunks of a’s, then we would
have played a b and then a c and then an a, which we get two scores for this
permutation and by the above reasoning this will lead to a strictly better score
than max{WB, 2RW, 3BR}. Now we split into cases.
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1. max{WB, 2RW, 3BR} < F (b)ca and max{WB, 2RW, 3BR} < F (a)bc.
Then all b’s get played before all c’s and all c’s get played before all a’s and
there is exactly one such way to do this.

2. max{WB, 2RW, 3BR} = F (a)bc = F (b)ca < F (a)bc. Then we must have
all b’s played before all c’s. But this leaves us able to split all a’s between the
beginning and the end.

3. max{WB, 2RW, 3BR} = F (a)bc = F (b)ca = F (a)bc. Then if we arranged
the cards in the order we play them around a circle, then notice cutting in any
place of the circle and having that being the beginning will achieve the minimum
penalty.

3.9 Local Combinatorics

Local combinatorics often look at first glance similar to global combinatorics
problems and the only difference is that the solution is found by examining
local structure. Since you are almost doomed not get anywhere in a local com-
binatorics problem by looking at global structure or visa versa, it is important
to be able to differentiate the two. Some things that might clue you in that it is
a local combinatorics problem is asymmetrical structure or something specific
to look at. For example, if the problem involves a bunch of points in the plane
consider if looking at the convex hull will get you anywhere.

Problem (IMO problem 2 2016) A configuration of 4027 points in the plane is
called Colombian if it consists of 2013 red points and 2014 blue points, and no
three of the points of the configuration are collinear. By drawing some lines,
the plane is divided into several regions. An arrangement of lines is good for a
Colombian configuration if the following two conditions are satisfied:

i) No line passes through any point of the configuration.
ii) No region contains points of both colors.
Find the least value of k such that for any Colombian configuration of 4027

points, there is a good arrangement of k lines.

First we should figure out what the the answer should be. It seems like the
worse case should be when blue points are close to red points and points of the
same color do not cluster together. So it seems like the configuration where all
the points are in a circle and adjacent points are different colors is likely the
worst case scenario. Of course for this example there are more red points so
there has to be two red points next to each other. But the best we can do in this
example is to separate the two red points then separate two blue points then
two red and so on so the answer should be 2013. And actually we can prove we
need 2013 lines in this example because we need a line going through every two
adjacent points in the circle and every line can only go through two of them

Now we need to prove that we can always separate out all the points with
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2013 lines. Lets first try to see if we can always draw a line to separate two lines
of the same color from everything else. The easiest way to do this is if those
two points are in the convex hull so let’s imagine the convex hull. If there are
two adjacent points of the same color in the convex hull then we can just draw
a line to seperate them and then we would be done by induction. But what if
the points in the convex hull are alternating in color? There doesn’t seem to be
anyway to separate two points from the rest of the points. But it seems like if
we just ignored these and went to the inner convex hull there would be a good
chance that we would ”accidentally” separate these points from each other with
a different line. So let’s just ignore these points for now and invoke our handy
dandy inductive hypothesis to draw n− 1 lines and see what happens. A little
examination gives the desired result.

Solution: We claim the answer is 2013. We first show that for any set of n
points we can draw ⌊n

2

⌋
lines not passing through any of the points such that no region contains points
of both colors. We use induction by showing that if the claim is true for 2n+ 1
it is true for 2(n+ 1) + 1. The base case for three is obvious. Now, for the n+ 1
case consider the convex hull of the points. If two adjacent points in the convex
hull are the same color we can separate these two points from the rest with a
single line and by inductive hypothesis the result follows. If there are not two
adjacent points of the same color, there are at least 4 points in the convex hull
and we can label them p1, p2, · · · pk in a clockwise order. By inductive hypoth-
esis, we can draw lines in such a way so that if we were to delete p1 and p2 no
two points of the same color are in the same region.
Case 1. p1 and p2 are in different regions. Then, we can draw a line to separate
p1 and p2 from the rest of the points.

Case 2. p1 and p2 are in the same region. If we exclude p1 and p2, all the
the points in this region are the same color. WLOG assume that they are same
color as p1. Then, we can draw a line that separates p2 from the rest of the
points.

Now we just present columbian region that cannot be good with less than 2013
lines. A simple example is if all the points, except one blue point, are arranged
around a circle so that every two adjacent points are of opposite color. There
must be a line passing through each two adjacent points and each line an only
pass between two pairs of adjacent points. Therefore, there must be at least
2013 lines.

Local Combinatorics is also closely related with extremal principles. In other
words, considering the biggest or smallest of something can clue you in on what
local structure to look at. For example,
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Problem 2.1 (IMO 2008 6)
In a mathematical competition some competitors are friends. Friendship is al-
ways mutual. Call a group of competitors a clique if each two of them are
friends. (In particular, any group of fewer than two competitors is a clique.)
The number of members of a clique is called its size.

Given that, in this competition, the largest size of a clique is even, prove
that the competitors can be arranged into two rooms such that the largest size
of a clique contained in one room is the same as the largest size of a clique
contained in the other room.

Solution: Define the size of a room to be the largest clique size in that room.
Start with a single clique of maximum size A in room 1, and everyone else in
the other room. If the two rooms have the same size we are done, if not start
moving people at random from room 1 into room 2. Each time we do this the
size of room one minus the size of room two decreases by at most 2, therefore
we get to a point where either the rooms have the same size or the size of room
two is one greater than the size of room one. Suppose the later. Consider two
cases.
1. There is one clique of maximum size in room two, call it B. Then, there is
someone in B that is not friends with everyone in A because if not then A ∪B
would be a clique of maximum size after putting everyone from room two into
room one, but

|A ∪B| ≡ 1 (mod 2)

contradicting our initial assumption. Move this person to room one and both
rooms will have the same size

2. There are more than one clique of maximum size in room two, call them
B1, B2, · · · , Bn. Then, consider some person p /∈ B1 ∩ B2 · · · ∩ Bn but is in at
least 1 of the cliques of maximum size. Now take a selection of people according
to the following process. Consider all the cliques of maximum size p is not a
member of, Ba1 , Ba2 , · · · , Bak . Now for each 1 ≤ i ≤ k chose a person pi that
is a member of Bai and not friends with p (This selection is always possible
because if p was a friend of everyone in Bai , then Bai ∪ {p} would be a clique).
Now we are left with a set of people P = {p, p1, p2, · · · , pk}. Next take an S ⊂ P
with the property that ∀i ≤ n, there is an s ∈ S s.t. s is a member of Bi and
∀s ∈ S, ∃i ≤ n s.t. ∀t ∈ S\{s}, t is not a member of Ai. Notice that p ∈ S
because if p is a member of Bj , ∀i ≤ k pi is not a member of Bj . (The idea of
this is analogous to choosing a set of linearly independent vectors that span an
entire vector space). Now, consider 3 subcases.

1. Moving S to room one does not increase the size of room one. If this is
the case then do it and both rooms will have the same size.

2. Moving p to room one increases the size room one. If this is the case
do it and both rooms will have the same size.

3. 1 and 2 are not the case. Then, since p is not friends with anyone in
S moving S to room one and moving S\{p} to room one will both result in

92



room one having the same size. Therefore, start moving people one by one from
S\{p} to room one and at some point the size of room one will increase by one
and both rooms will have the same size.

Remark The solution does not specifically reference viewing people as ver-
tices and friendships as edges but it is extremely helpful in thinking about the
problem before you have crafted a nicely packaged solution. I think what makes
this problem so difficult in a competition setting is that there are so many ap-
pealing ideas to try and very few of them work. For example, I wasted a lot of
time trying to start with everyone in one room and create sequences of moves
that change the difference between the size of the rooms by 2 which seems like
a natural reason why eveness should be relevant. The key idea here is that it is
possible to always change the difference of room sizes by exactly 1.

Problem (TSTST 2017 Problem 2) Ana and Banana are playing a game. First
Ana picks a word, which is defined to be a nonempty sequence of capital English
letters. (The word does not need to be a valid English word.) Then Banana
picks a nonnegative integer k and challenges Ana to supply a word with exactly
k subsequences which are equal to Ana’s word. Ana wins if she is able to supply
such a word, otherwise she loses.

For example, if Ana picks the word ”TST”, and Banana chooses k = 4,
then Ana can supply the word ”TSTST” which has 4 subsequences which are
equal to Ana’s word.

Which words can Ana pick so that she wins no matter what value of k
Banana chooses?

(The subsequences of a string of length n are the 2n strings which are
formed by deleting some of its characters, possibly all or none, while preserving
the order of the remaining characters.)

Solution: Separate the chosen words into maximal blocks W = B1B2 · · ·Bn
of the same letter so that each letter in Bi is the same and each letter in Bi and
Bi+1 is different. We claim that Anna wins iff one of the blocks of her chosen
word has length one.

(→) Suppose that Bi has length one. Then if Banana chooses k consider the
word W ′ =

B1B2, · · ·
k times︷ ︸︸ ︷
Bi · · ·Bi · · ·Bn

Clearly there are at least k subsequences of W . But also notice that any in-
stance Bi in W ′ has to correspond to Bi in W because if it was earlier than
there would not be enough letters to finish and if it was earlier than there would
not be enough letters to end.

(←) We will show that if each block of W has length greater than two, then
there is no word that has exactly two subsequences equal to W . For any word
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W ′ and i ≤ n, call a letter ` in W ′ Bi eligible, if there is a subsequence occuring
before ` in W ′ equal to B1B2 · · ·Bi−1 and there is a subsequence after ` in W ′

equal to Bi+1 · · ·Bn. So for any subsequence of W ′ equal to W , we have each
letter in Bi being Bi eligible. So for each i, if there is at most |Bi|, Bi eligible
letters in W ′, then there are at most one subsequences equal to W . On the
other hand if there are more than |Bi|, Bi eligible letters for some i, then there
is a subsequence equal to B1B2 · · ·Bi−1 to the right of the leftmost Bi eligible
letter and a subsequence equal to Bi+1 · · ·Bn to the right of the rightmost Bi
eligible letter, so there are at least(

|Bi|+ 1

|Bi|

)
> 2

subsequences of W ′ equal to W .

3.10 Probabilistic Methods

The first technique in probabilistic methods is to just interpret expressions as the
probability that something will happen. Specifically, if you ever see something
along the lines of ∑

xa(1− x)b

alarm bells should be immediately going off in your head that this could be
counting probability. For example,

Problem (ISL 2006 C3) Let S be a finite set of points in the plane such that
no three of them are on a line. For each convex polygon P whose vertices are
in S, let a(P ) be the number of vertices of P , and let b(P ) be the number of
points of S which are outside P . A line segment, a point, and the empty set are
considered as convex polygons of 2, 1, and 0 vertices respectively. Prove that
for every real number x ∑

P

xa(P )(1− x)b(P ) = 1,

where the sum is taken over all convex polygons with vertices in S.

Solution: Just to choose every point with probability p. Then, each sum-
mand can be interpreted as the probability that the convex hull of the chosen
points is some convex polygon. But, the sum is over all possible convex polygons
so it is equal to one. And since this solution is valid for 0 ≤ x ≤ 1, it is an
identity of polynomials and is true for all x

Theorem (Lovas Localized Lemma)
Problem (ISL 2001 C5) Find all finite sequences (x0, x1, . . . , xn) such that for
every j, 0 ≤ j ≤ n, xj equals the number of times j appears in the sequence.
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4 Algebraic Combinatorics

4.1 Posets

Definition A Poset or partially ordered set is a set P together with a bi-
nary relation leq satisfying,
1. (Reflexivity) ∀p ∈ P , p ≤ p
2. (Transitivity) ∀a, , c ∈ P , a ≤ b and b ≤ c =⇒ a ≤ c
3. (Anti-Symmetry) ∀a, c ∈ P , a ≤ b and b ≤ a =⇒ a = b

Notice that what differentiates this from a totally ordered set is the ab-
sence of the requirement tha ∀a, b ∈ P either a ≤ b or b ≤ a. So some elements
can be ”uncomparable.”

As usual we use the notation a < b to say a ≤ b and a 6= b.

Definition For a Poset P and two elements a, b ∈ P we say b covers a if
a < b and there does not exist a c ∈ P s.t. a < b < c

We visually represent Posets by Hasse Diagrams in which vertices represent
elements of the posets and we draw an edge from a up to b to say that b covers a.

Example A Boolean Algebra on n elements denoted Bn is the poset where
the elements are subsets of {1, 2, · · · , n} and A ≤ B iff A ⊂ B (or more precisely
the isomorphism class).

∅

{2}{1} {3}

{1, 3}{1, 2} {1, 3}

{1, 2, 3}

Definition If some element is greater than every other element of a Poset is
is common to call that element 1̂ and similarly if an element is less than every
other element it is called 0̂

Definition A Chain is a sequence of elements p1, p2, · · · , pn of a Poset where
pi covers pi−1 for 1 < i ≤ n. The chain is saturated if p1 = 0̂

Definition For every element p ∈ P , if every saturated chain ending on p
has the same length, then P is ranked and we say that the rank of the element
p is the length of the chain minus one. For example, in the boolean algebra, the
rank of an element is just equal to its cardinality
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0t

11 1

22 2

3

Some sources say a Poset is ranked if for every two elements p1, p2, every chain
from p1 to p2 has the same length. This condition is slightly weaker. For
example the Poset

is ranked according to the other definition but not our definition.

4.1.1 Lattices

Definition A Poset is a Lattice if the following two operations are well defined.
The meet of two elements p1, p2 ∈ P written p1 ∧ p2 is the largest element that
is less than or equal to both p1 and p2.
The join of two elements p1, p2 written p1 ∨ p2 is the smallest element that is
less than or equal both p1 and p2

For example the following is not a lattice

0̂

1 2

3 4

1̂

because 1 ∨ 2 is not defined.

In the boolean algebra,
p1 ∧ p2 = p1 ∩ p2

and
p1 ∨ p2 = p1 ∪ p2
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Problem (ISL 2016 C3)
For a finite set A of positive integers, a partition of A into two disjoint nonempty
subsets A1 and A2 is good if the least common multiple of the elements in A1

is equal to the greatest common divisor of the elements in A2. Determine the
minimum value of n such that there exists a set of n positive integers with ex-
actly 2015 good partitions.

Solution: 3024. The positive integers under the relation a ≤ b iff a|b are a
lattice with

a ∧ b = gcd(a, b)

and
a ∨ b = lcm(a, b)

We claim that for any set of n integers there are at most 2
3n−

2
3 good partitions.

Suppose this was not true and the set A was a counter-example. For any good
partition of A let b be the corresponding gcd/lcm and let B be the set of all
such b. Notice that if b inB, then b is comparable to every element in A and
moreover every element of B is comparable. So if b ∈ B and b /∈ A, then A∪{b}
is also a counter-example. To see this, notice that there is exactly one partition
of A into A1 and A2, where lcm(A1) = gcd(A2) = b and this is obtained by
putting each element less than b in A1 and every element greater than b in A2.
But, then A1 ∪ {b}, A2 and A1, A2 ∪ {b} are good partitions in A ∪ {b}. And
for any other good portion of A into A

′

1 and A
′

2, if A
′

1 ⊂ A1, then A
′

1, A
′

2 ∪ {b}
is a good partition in A ∪ B and if A

′

2, if A
′

1 ⊃ A1, then A
′

1 ∪ {b}, A
′

2 is a
good partition in A∪B. Moreover there are no other good partitions in A∪{b}
because removing b would create a good partition in A. So because if

k >
2n

3
− 1

then

k + 1 >
2(n+ 1)

3
− 1

A ∪ B is also a counter-example. Let B1 be the set of all good partitions in
which b is in A1 and B2 be the set of all good partitions in which b is in A2.
Now notice that for every good partition of A ∪B, if corresponding gcd/lcm is
b, and b ∈ A1, then there must be at least two incomparable elements in A2

whose gcd is is equal to b. Denote these elements as f(b) and let

B
′

1 = B ∪ {f(b) : b ∈ B}

Define B
′

2 analogously except using lcm instead of gcd. So we have

|B1| ≤
n

3

and
|B2| ≤

n

3
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But also notice that
B
′

1 6= B
′

2

because each element of S1 = {a ∈ A ∪ B : if x ∈ A cupB, then x 6< a} and
S2 = {a ∈ A∪B : if x ∈ A cupB, then x 6> a} can only be in exactly one of B

′

1,
B
′

2, we have

|B1|+ |B2| ≤
2n

3
− 2

3

And since B = B1 ∪B2, we have proven our claim.

Now we just construct such a set. This can just be

{1, 2, 3, (2)(3), (22)(3), (2)(32), (22)(32) · · · (21007)(31007), (21008)(32007), (22007)(32008)}

1

2 3

6

12 18

36

Theorem The meet and join over a set written ∧(S) ∨(S) respectively
are well defined. In particular the operations meet and join are associative.

textitproof: Just note that (p1∧p2)∧p3 = max{p ∈ P : p ≤ p1, p ≤ p2, p ≤ p3}.

Theorem (Absorption Laws) x ∨ (x ∧ y) = x and x ∧ (x ∨ y) = x

proof : x ∧ y ≤ x and x ∨ y ≥ x

Definition A Lattice P is distributive if for any x, y, z ∈ P ,

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

or equivalently
x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)

To see these are equivalent just note definition one implies tw because using one
we get

(x∨y)∧ (x∨z) = ((x∨y)∧x)∨ ((x∨y)∧z) = x∨ ((y∧z)∨ (z∧x)) = x∨ (y∧z)
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and you can use a similar argument to show that definition two implies one.

Notice that for any lattice

x ∧ (y ∨ z) ≥ (x ∧ y) ∨ (x ∧ z)

because x∧ (y∨z) is greater or equal to both (x∧y) and (x∧z). While it seems
like you might need some pathological case to make a Lattice not distributive,
it turns out that a Lattice has to have a very similar structure to that of the
boolean algebra to be distributive. As we will see later the way to make a
Lattice not distributive is there is some sublattice like that of N5

0̂

1̂

y

x z

or M5

0̂

xy z

1̂

Definition An element p of a lattice is join-irreducible if it can not be written
as the join of other elements. It is a similar idea of primes in a ring and in fact in
the divisibility lattice, the one element and the prime numbers are precisely the
irreducible elements. The main reason that distributive lattices are of interest
is the following theorem.

Definition A set of join-irreducible elements are redundant if they form an
anti-chain.
theorem Every element of a finite distributive lattice can be uniquely written
as the join of redundant join-irreducible atoms.

proof It is easy to see that any element in any finite lattice can be written
as the join of redundant join-irreducible elements. For any element p, let r(p)
be the maximum length of any saturated chain ending at p. Then we can just
induct on r(p). If some element p, is not irreducible, then it covers multiple
elements, but those elements each have a lower r so they can be written as the
join of irreducible elements, and then p can be written as the join of all those
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elements from which an redundant set can be extracted. Now we prove unique-
ness. Suppose that there were two factorizations p1, p2, · · · , pn, q1, q2, · · · , qk.
We want to show that for each i there is a j s.t. pi ≤ qj and that for each i, there
exists a j with qi ≤ pj . Because which would imply equality because if not then
we would have pi < pj for some i, j. And we could iterate this argument pairing
up each of the pi and qj . To prove this just note that if pi was incomparable to
each of the qj , then because pi is irreducible.

pi ∧ (q1 ∨ q2 ∨ · · · ∨ qk) ≥ pi > (pi ∧ q1) ∨ (pi ∧ q2) ∨ · · · ∨ (pi ∧ qk)

Definition An Order Ideal of a poset P is a subset S ⊂ 2P s.t. if x ∈ S and
y ≤ x then y ∈ S.

Definition The set J(P ) can be turned into a poset by declaring that if
x, y ∈ J(P ), then x ≤ y iff x ⊂ y. For example if P is

1

2 3

4

Then J(P ) is

∅

{1}

{1, 2} {1, 3}

{1, 2, 3}

{1, 2, 3, 4}

Notice that J(P) is always a lattice by x∧y = x∩y and x∨y = x∪y. Moreover
this lattice is distributive because

x ∩ (y ∪ z) = (x ∩ y) ∪ (x ∩ z)

Theorem (The fundamental theorem for finite distributive lattices) J(Irr(L)) ∼=
L for any finite distributive lattice L and Irr(J(P )) ∼= P for any poset P .

proof First we construct the isomorphism φ : L→ J(Irr(L)) by

φ(x) = {p ∈ Irr(L) : p ≤ x}
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This is a bijection because every element of L can be uniquely written as the join
of irredundant join-irreducible elements. Similarly if the prime factorization of
x = p1 ∨ p2 ∨ · · · ∨ pn and y = q1 ∨ q2 ∨ · · · ∨ qk. Then we have

φ(x∨y) = {p ∈ Irr(L) : p ≤ p1 or p ≤ p2 or · · · or p ≤ pn or p ≤ q1 or · · · or p ≤ qk}

= φ(x) ∪ φ(y) = φ(x) ∨ φ(y)

and

φ(x∧y) = {p ∈ Irr(L) : (p ≤ p1 or p ≤ p2 or · · · or p ≤ pn) and (p ≤ q1 or · · · or p ≤ qk)}

= φ(x) ∩ φ(y) = φ(x) ∧ φ(y)

4.2 Matroids

The idea of matroids is to generalize the combinatorial properties of many dif-
ferent mathematical structures. For example, both graphs and vector spaces
can define a matroid
There are several equivalent definitions of matroids which can all be useful in
different contexts. All will refer to a ”ground set E which we will assume to be
finite for our purposes although it doesn’t necessarily have to be

Definition 1. Closure Operator A closure operator on a ”ground set E”
is a map f : 2E → 2E satisfying

1. S ⊂ f(S)

2. If A ⊂ B then f(A) ⊂ f(B).

3. f(f(S)) = f(S)

4. For a, b ∈ E, If a /∈ f(S) but a ∈ f(S ∪ b) then b ∈ f(S ∪ a).

The function f is analogous to the span of a set of vectors. In graphs, a clo-
sure operator would map a set of edges to each edge that would compete a cycle.

Definition 2. Independence System An independent system on a ground
set E is a collection I ⊂ E satisfying

1. If A ∈ I and B ⊂ A, then B ∈ I.

2. If A,B ∈ I and |A| < |B|, the there exists an b ∈ B\A s.t. A ∪ b ∈ I.

An independence system is analogous to a linearly independent sets of vec-
tors.
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Definition 3. Rank Function. A rank function is a function r : 2E → N satisfying

1. r(∅) = 0

2. r(A) ≤ r(A ∪ x) ≤ r(A) + 1

3. r(A ∪B) + r(A ∩B) ≤ r(A) + r(B).

A rank function is analogous to the dimension of the sapan of a set of vec-
tors. In graphs it is analogous to

Definition 4. Basis System. A basis system is a set of subset B ⊂ E satis-
fying.

1. If S, T ∈ B, then |S| = |T |.

2. If S, T ∈ B, then for any s ∈ S, there exists a t ∈ T\S s.t. S\{s} ∪ {t} ∈ B.

A basis system is analogous to a basis of a vector space.

Definition 5. Circuit System. A circuit system is a subset set C ⊂ E satis-
fying

1. ∅ /∈ C

2. For S, T ∈ C, S 6⊂ T

3. If S, T ∈ C, S 6= T , and e ∈ S ∩ T , then ∃U ∈ C s.t. U ⊂ S ∩ T\{e}
A circuit is analogous to a minimal set of linearly dependant vectors.

Theorem Each definition is equivalent.
We’ll only prove the minimum amount to show that these are equivalent but it
is a good exercise for the reader to convince themselves that the definition are
pairwise equivalent..

1. The closure operator and the rank function are equivalent definitions. Given
a closure operator f and a subset A of E, define

r(A) = min{|B| : f(A) = f(B)}

And given a rank function r define the closure operator f by

f(A) = The maximal B ⊃ A s.t. r(A) = r(B)
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Claim: The rank function is a rank function.
proof The first thing to note about a rank function is that if r(A) < |A|, then
there exists an element x ∈ A s.t. r(A\x) = r(A). proof We show that if the
above statement is false for A then it is false for every |A|−1 element subset of A
which combined with an inductive argument would imply that if the statement
were false for A, then r(∅) < 0. To see this, consider two arbitrary distinct
|A− 1 subsets of A B1 and B2, then we have

2r(A)− 2 ≥ r(B1) + r(B2) ≥ r(A) + r(B1 ∩B2)

so
r(B1) > r(B1 ∩B2)

Now we see that these constructions are inverses. If we have a rank function r1,
then for any A ⊂ 2E , the associated closure operator will map to the maximal
B with the same rank. Then, if we take B and apply the corresponding rank
function r2, we will be given the smallest cardinality of any set that is a subset
of B and has rank as B which we see is just r1(B) which is equal to r(A). And if
we are given a closure operator f1 and a set A, the corresponding rank function
maps to the cardinality of the smallest set which gets mapped to f(A) by f1.
But then if we go to the corresponding closure operator f2, which is the largest
superset of A that has the same rank, we see this is just f1(A).

2. The rank function is equivalent to an independent system. For an inde-
pendent system I, we define the corresponding rank function

r(A) = min{|B| : B ⊂ A and B ∈ I}

and for a closure operator r we define the corresponding independence system

I = {A : r(A) = |A|}

Claim: The rank function is a rank function.
proof Clearly we have r(∅) = 0 and for A,B ⊂ 2E ,

r(A) + r(B) =

3. The Basis System is equivalent to the Independance System. For an Inde-
pendent System I, define the corresponding Basis System

B = {A ∈ I : ∀C ∈ I, A 6⊂ C}

and for a basis system B, define the corresponding independence system

I = {A ⊂ C : C ∈ B}

Claim: The basis system is a basis system.
proof By condition (2) of independence systems, we have that every maximal
element of an independence system has the same cardinality. Also we have for
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any two maximal independent sets A,B ∈ I, if a ∈ A\B, then A\{x} ∈ I. So
by (2), we have ∃b ∈ B\A s.t. A ∪ {b}\{b}. Which is just the basis exchange
property.

Claim: The Independence system is and independence system. Clearly we have
(1) is satisfied for I. And by a similar argument as above, the basis exchange
principle implies I satisfies (2).
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5 Generating Functions

Definition The Generating Function for a sequence a0, a1, · · · is the formal
sum

f(x) =
∑
i≥0

aix
i

The point of generating functions is not to plug in numbers for x so things like
convergence are not usually an issue. Why generating functions are so useful
is that we can express adding, shifting, and performing other operations on
sequences as operations on the generating function which behaves like poly-
nomials. And polynomials have very nice algebraic properties and are well
understood.

Example If f(x) the generating function for a0, a1, · · · then

xf(x) =
∑
i≥1

ai−1x
i

is the generating function for 0, a0, a1, · · ·

Definition For two generating functions f(x), g(x) we define

f(x)g(x) =
∑
i≥0

(
∑
j+k=i

ajak)xi

This means that we can justify the geometric series identity∑
i≥0

xi =
1

1− x

in generating functions combinatorics because

(1− x)
∑
i≥0

xi = 1

We can also ”factor” generating functions into infinite products. For example∑
i≥0

xi =
∏
i≥0

(1 + x2
i

)

because every positive integer can be written uniquely as the sum of distinct
powers of two.

Partitions denoted p(n) is defined to be equal to the number of ways n can
be written as the sum of positive integers. For example, p(4) = 5 because three
can be written as

1 + 1 + 1 + 1
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2 + 1 + 1

2 + 2

3 + 1

or
4

There is no known explicit formula for p(n) but we can see that its generating
function ∑

i≥1

p(i)xi =
∏
i≥1

∑
j≥0

(xi)j =
∏
i≥0

1

1− xi

which can be seen by interpreting the summand (xi)j as using exactly j in-
stances of i in a sum.

5.1 Recurrence Relations

5.1.1 Linear Homogeneous Recurrence Relations

Definition A Linear Homogeneous Recurrence Relations of degree n is
a sequence a1, a2, · · · satisfying for all N ≥ n

aN =

n∑
i=1

biaN−i

Problem (IMC 2013 Day 2 problem 5) Consider a circular necklace with 2013
beads. Each bead can be painted either green or white. A painting of the
necklace is called good if among any 21 successive beads there is at least one
green bead. Prove that the number of good paintings of the necklace is odd.

Note. Two paintings that differ on some beads, but can be obtained from
each other by rotating or flipping the necklace, are counted as different paintings.

Solution. Denote An as the number of strings with n beads that can be painted
either white or green, s.t. there are no 21 consecutive white beads. Notice that
the first green bead on the string could be in any place from 1 to 21. But there
are exactly An−i of these strings where the first green bead is in the ith position.
So for n ≥ 21

An =

21∑
i=1

An−i

A0 is odd and Ai is even for 1 ≤ n ≤ 20. Therefore An is odd for

n ≡ 21 (mod 22)

and
n ≡ 0 (mod 22)
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but is even for all other n. Now, consider some arbitrary bead b on the necklace.
If b is green, the number of good necklaces is just just A2012 and

2012 ≡ 10 (mod 22)

If b is not green then consider the closest green bead c on the clockwise side of
b and suppose the distance between c and b (i.e one plus the number of beads
between the two) is i. Then, the closest green bead on the counter-clockwise
side of b is 1, 2, · · · , n− i which corresponds to A2011−i, A2010−i, · · · , A1991.
But because the only i ∈ {2010, 2012, · · · , 1991} which is congruent to zero or
one mod 22, is 2001 and 2002, for each i

A2011−i +A2010−i + · · ·+A1991

is even except for i = 10 which corresponds to

A2001 +A2000 + · · ·+A1991

So the number of good necklaces is odd.

or Problem (ISL 2003 NT1) Let m be a fixed integer greater than 1. The
sequence x0, x1, x2, . . . is defined as follows:

xi = 2i if 0 ≤ i ≤ m− 1 and xi =
∑m
j=1 xi−j , if i ≥ m.

Find the greatest k for which the sequence contains k consecutive terms
divisible by m .

Solution: We claim k = m− 1.

Lemma 1: k < m

proof Assume this is false. Consider the first instance xk, xk+1, · · ·xk+m−1 of
m consecutive terms all divisible by m. We have

xk+m−1 ≡ xk−1 + xk + · · ·xk−m−2 ≡ xk−1 (mod m)

so xk−1 divides m which contradicts the assumption that xk, xk+1, · · · , xk+m−1
was the first instance of m consecutive terms all divisible by m.

Lemma 2: The sequence mod m is cyclic.

textitproof If xk, xk+1, · · · , xk+m−1 = xj , xj+1, · · · , xj+m−1 for j > k + m − 1,
then the sequence xk, xk+1, · · · will be cyclic. And this must be true for some k
and j because there are only finitely many sequences of length m of m letters.
Consider the smallest such k and j. If k > 1, then it is easy to see

xk−1 ≡ xj−1 (mod m)

Which contradicts it was the smallest such k and j.
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Consider the sequence modm. By lemma 2, we have for some k > m, xk, xk+1, · · · , xk+m−1 =
1, 2, · · · 2m−1. Now consider for 0 ≤ i < k − 1, xk+i−m. We have

2i ≡ xk+i+1 − xk+i ≡ 2i − xk+i−m (mod m)

so
xk+i−m ≡ 0 (mod m)

So we have found m− 1 consecutive terms divisible by m.
These problems have given us insight into how linear homogeneous recurrence
relations behave when taken mod n, but is there a way to explicitly solve for one.

Theorem Suppose we told there is a sequence a1, a2, · · · and that for N ≥ n

aN =
n∑
i=1

biaN−i

for complex numbers b1, b2, · · · , bn. Suppose further that the polynomial

p(x) = (

n−1∑
i=0

bix
n−i)− 1

has n distinct roots r1, r2, · · · , rn. Then there exist complex numbers c1, c2, · · · , cn
s.t. for N > n,

aN =

n∑
i=1

ciri
N

And moreover for any complex numbers c1, c2, · · · , cn, there exist complex num-
bers A1, A2, · · · , An s.t. if for i ≤ n, ai = Ai, then for N > n,

aN =

n∑
i=1

ciri
N

proof We need a couple results from linear algebra to prove this.
Lemma 1: (Partial Fraction Decomposition) For a polynomial P (x) of degree n
with n distinct roots, there exists complex numbers A1, A2, · · ·An s.t.

1

P (x)
=

A1

x− r1
+

A2

x− r2
+ · · ·+ An

x− rn

proof. We just need to show that the polynomials P (x)
x−r1 ,

P (x)
x−r2 , · · · ,

P (x)
x−rn are

linearly independent. To see that they are, note that if they were not then
there would exist an i and complex numbers a1, a2, · · · , an with

P (x)

x− ri
=
∑
j 6=i

ai
P (x)

x− rj

But note that the right side of this equation is divisible by (x− ri) but the left
side is not.
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Lemma 2: (Vandermonde’s Determinant) For distinct complex numbers c1, c2, · · · , cn,
the vectors, < 1, c1, · · · , c1n−1 >,< 1, c2, · · · , c2n−1 >, · · · , < 1, cn, · · · , cnn−1 >
are linearly independent.
proof We show that the determinant of the matrix

A =



1 x1 · · · x1
n−1

1 x2 · · · x2
n−1

· ·
· ·
·

·
1 xn · · · xn

n−1


is ∏

i<j

(xj − xi)

and hence non-zero when the xi are distinct. Conder the set S of the 2(n
2)

functions that map two element subsets T ⊂ {1, 2, · · · , n} to an element of T .
For a function g ∈ S, we say g is transitive if for any three distinct elements
a, b, c ∈ {1, 2, · · · , n}, if g({a, b}) = a and g({b, c}) = b then g({a, c}) = a.
And similarly say that the elements {a, b, c} are transitive, if this condition
holds for any permutation of the three elements a, b, c. Let U be the set of all
three element subsets of {1, 2, · · · , n} and define an arbitrary bijection o : U →
{1, 2 · · · ,

(
n
3

)
}. If g is not transitive, let G be the smallest element of U , s.t. G

is not transitive and for each H ∈ U , with o(H) < o(G), H is transitive. Let
f : S → S be defined as

f(g) =

{
g if g is transitive

g on and only on exactly the elements of T that are not subsets of G if g is not transitive

It is easy to see that f(f(g)) = g. Then, for g ∈ S, we let Tg be the term
obtained in multiplying out ∏

i<j

(xj − xi)

and choosing g({a, b}) from the term (xa−xb). So we have that if f(g) 6= g, then
Tg = −Tf(g). But this means that we are just left with the ways of multiplying
out ∏

i<j

(xj − xi)

that correspond to transitive functions. Notice that each tranative function
corresponds to a unique permutations σ where g({a, b}) = a iff σ(a) > σ(b). So
if Tg corresponds to σ, then for each i, xi gets chosen a total of σ(i)− 1 times
and the number of negative terms chosen is precisely the sign of σ. Therefore∏

i<j

(xj − xi) =
∑

σ∈Sym(n)

(−1)sign(σ)
n∏
i=1

x
σ(i)−1
i
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which is precisely the determinant of

1 x1 · · · x1
n−1

1 x2 · · · x2
n−1

· ·
· ·
·

·
1 xn · · · xn

n−1


Consider the generating function f(x) for a1, a2, · · · . We have

b1x
nf(x) + b2x

n−1f(x) + · · ·+ bnxf(x)− f(x) = Q(x)

for some polynomial Q(x) of degree at most n. Therefore we have

f(x) =
Q(x)

b1xn + b2xn−1 + · · ·+ bnx− 1
= Q(x)

n∑
i=1

Ai
x− ri

= −Q(x)

n∑
i=1

Ai
∑
j≥0

(
x

ri
)j

Where A1, A2, · · ·An are real numbers. Therefore, by equating coefficients we
have

aN =

n∑
i=1

cir
−N
i

for N > n. But by lemma 2, for any numbers c1, c2, · · · , cn, there is some Q(x),
that will result in

aN =

n∑
i=1

cir
−N
i

We define
P (x) = xn − bnxn−1 + bn−1x

n−2 · · · − xb2 − b1
To be the characteristic polynomial of the linear recurrence relation aN =∑n
i=1 bN−i. The roots of this polynomial are precisely the reciprocals of the

roots polynomial we used in the last theorem. This means that for N > n,

aN =

n∑
i=1

ciri
N

where ri are the roots of the characteristic polynomial.

Things get much more complicated if we remove the distinct roots assump-
tion. If for every root ri, there are `i of these roots and we try to use the
generating function technique we end up with

f(x) = Q(x)

n∑
i=1

`i∑
j=1

Ai,j
(x− ri)j

= −Q(x)

n∑
i=1

`i∑
j=1

Ai,j
∑
k≥0

(
j + k − 1

j

)
(
x

ri
)k
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But since the ratio of the terms is not constant, it is difficult to predict how
multiplying by Q(x) will affect the sum.

Example Fibonacci Numbers. We have

f(x)− xf(x)− x2f(x) = x

so solving for A1 and A2 gives
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